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tarn following Treatise differs eesentiallf from manj exist- 
ing works on Hengaration, inasmndi aa all the roles and 
formnlse emplt^ed in it are etrictif demonstrated ; and, in 
no caae, is any one of ttiem introduced to the notice of the 
Btadent in the repnlnfe form of an empirical rale. At t&e 
same time, the methods employed are sndi that Uie Student 
who takes np this Treatise will not require any higher 
knowledge than a &ir acquaintance with Euclid, Algebra, 
md Plane Trigonometry, bother with a knowledge of the 
Jbmu of the Conic Sections, and of their more idmple pro- 
perties. The want of a Treatise of this nature has long 
boeo felt and admitted, and it is in the hope of supplying 
this want that I have nndertaken the present work. 

The arrangement of the subject, and its scope, will be 
seen from the Table of Contents. The first five Chapters 
treat, chiefly, of the areas of plane rectilinear figures, and 
of the volumes of solids bounded by them. In Chapter II. 
I have given tbe Method of Coordinates as applied to the 
determination oftheareasofplanerectlGnearflgnreB. This 
method, on accodnt of its simplicity, generality, and bcUi^ 

1 ,. A.ooglc 



vi Preface, 

of application, is wdl wortby of ikotice, and ool; reqaiim to 
be hnown, to be generallj employed. 

Id Chapter III. will be found the two common rnlea fbr 
approsimatii^ to the areas of plane figares botmded bj 
irregalar or free curves; and I have introduced these rules 
thus early in the Treatise, becanse they are eaaly applied, 
and complete the subject of the areas of irregular plane 
fignrea ; but their full investigation must be deferred to 
a later Chapter. 

In Chapter V. Art 46, I have given a new and very 
simple proof of the formula for the volume of a prismoid, 
or, as it ia called, the " Prismoidal Formula." The solid 
employed in the proof is a four-sided prismoid. The formnla 
might be proved directly, by the same method, for a pris- 
moid of any number of sides ; bat the invest^tion would 
be less simple, and nothing would be gained in gener- 
ality, since it is easy to generalise tlio formula for all pris- 
moidal solids as is done in Art 49. 

Chapter VI. treats of the Method of Limits, — a method 
of which it is sufficient to say that it is indispensahle to 
the Student who wishes to underttand the mensuration 
of curve lines and surfaces, and of the areas and volumes 
which they respectively enclose. 

In Chapter IX. I have extended the Prismoidal For- 
mnla to a great number of solids boooded by curve sor- 
&ces; and have shown how to determine, in any givra 
case, whether the formula is applicable or not. 

In the last Chapter will be fomid a general invest!- 
gation of the methods of ^proximating to the areas of 
flgores bounded by free curves, and to the volumes of solids 
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boonded by free mr&ces. In Uiia Chapter, in addition 
to ttte two well-known rules given in Chapter III, will 
be found a remarkable and very mmple formula due to 
the late Mr Weddle, and which I have introduced under 
the name of "Weddle's Bnle." This formula comes into 
use most oouveniently in ctwes in which Simson's Rule 
would not applj, or would not give so dose an approxi' 
mation; and a. modification of the same formula, tu render 
it ^tplkable to volumes, forms an equally nsefiil addition 
to the Prismoidal Formula.- 

The Student will find a conuderable number of Exam- 
plea and Probloms for practice iq)peQded to the TreatiM, 
some of which are worked out at length : for an; knowledge 
which he maj require respectdog conventionB] measures, he 
is referred to Mr Wrigltg^s Arithmetic. 

B. T. M. 
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JLBEAS OF PLANE RECTILtNEAB FIGUBE3. 

1. rpHE object of that branch of mathematical science 
_L which is called MenBoration, ia the investigation 
of the leDg:ths of lioea, the areas of Burfaces, and the volames 
of solids, whatever maybe their forms. These iDTestigationn 
cannot be made, in all cases, without the aid of the Diff^ 
rential asd Integral Calculus ; but, for a great number of 
cases, and these b; &r the most important in their prac- 
tical applications, much simpler methods will suffice. TTe 
suppose the student already sequiunted with the determi- 
nation of the len^hs of straight lines from Tarions data, as 
this forms an important part of every treatise on Plane 
Trigonometry. We shall therefore confine our attention 
to the lengths of curved lines, the areas of surfaces, and the 
Tolnmes of solids, so far aa these can be conveniently inves- 
tigated without having recourse to the Differential and 
Int^ral Calculus. 

2. Now in meaanring the length of a line, whether it 
be a straight line or a curve, the problem, in every case^ 
ia to determine the ratio which the given line h^rs to 
Bome determinate line which b chosen arbitrarily, and is 
called the unit of length. 
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2 Area of a 

In the BSime maimer,' in meBSoring the area of b but&cc, 
whether plane or curred, the problem is to determine the 
ratio which the gnea surface bears to some detemuoate 
Burfoce which is chosen arbitrarilj, and is called the unit 
of aroL 

JD^nition qfa Unit of Arta. The area contained bj 

two sb'aight lines at right angles, each of which is a unit 
of length, is called a unit of area. 

In other words the unit of area is a sqnare, a ude of 
which is a unit of length. 

If the onit of length be an inch, the nnit of area will bo 
called a sqnare inch ; and, if the unit be a foot, a jard, or 
a mile, the unit of area will be called a square foot, a square 
yard, or a square mile respectlTely. 

We shall, in general, represent the number of units of 
area in any sur&ce b; capital letters, as A^ and the mim- 
ber of units of length in lines by small letters, as a. 

3. To find an expression for the area of a rect- 
angle in. terms o/tmo adjacent ndea. , 
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Let ABCD be a rectangle, 

a the number of units of length in AB, 

I AJ>. 

A KKS-iaABCD; 

e shall prove that 

A^iA. 



Area of a Rectangle. 3 ■ 

There will be three cases : — 
(1) When a &Dd b are integert, 
(3) When a and h aio, either or both of them, frac- 
tioiial. 

(3) When a and b are incommenturable. 

Case (1). When a and b are integert. 

Divide ^£ into a eqnal parts in the points £, F, G, H, K, 

and AD h L, M, N; 

and through these points of division draw the straight 
lines Ee, Ff, Gg, Hh, Kk parallel to AD, and LI, Mm, 
2Vn parallel to AB. 

These lines divide the rectangle into a number of 
squares, each of which is a unit of area, and it will be 
evident that the number of these squares in each of the 
rectangles Al, I/m, 3fn, NO will be a, and therefore the 
number of these squares, or units of area, in the rectangle 
ABCD will be a taken b times, or ab. 
.: A=<A. 

Obt. In the figure, AB is divided into nx equal parts 
and AD into four equal parts. This is merely for con- 
venience, because we cannot divide AB into a equal parts 
until we know what a is, but we can euppou AB and AD 
divided into a and b equal parts respectively, and reason 
apon them thus supposed to be divide!. 

Case (2). When a and h are, either or both of them, 
fraaiotud. 

We shall suppose them both fractional 

Let a represent the unit of length, so that 

AB^a.a, AD=h.a, 

andaoi^MMe a=p+ — , b=g+— , 

where p and q are positive integers, and — and — proper 
fractiont in their, lowest terms. 



4 Area of a Rectangle. 

Now take another unit of lei^th P, leas than a, and 

iuch that 



Then a.o.=(^p+^mn^={pm+h)np, 

and these latter eipreBsiona for a, a and 6 . a being whola 
nujnbert of the unit of length fi, their product ml\, by ease 
( I ), be the number of units of area in the rectangle, each of 
vhich te the square np<m the nntt of length j8, and will be 
represented by ^. 

.: Area — (jwn+A)(«n+/:)m» units of area /3=, 
^pm+h gn + k ^ ^ 



= (j)H — 1 ( g + — 1 unitB of area a', 

because a nnit of area corresponding to the unit of length 
a contains m'n^ nnits of area corresponding to the unit of 
length /3. 

Hence, as in the first case, 

A=ia. 

Case (3). When a and b are incommemurable. 

In this case, although we cannot find any unit which 
will measare AB and AD, ;et, aa we ma; take a unit 
ai imall at tee pleaxe, we can always And two lines ichick 
thaU be eommenrurabti, and which ahall differ from AB 
and AD by quantities lat than any thai can be astigned; 
and their product will be the area of a rectangle differing 
from the given rectangle by a qw.'a.iitylett than any attign- 
abU. 

Hence, in this case also, the number of units of area in 
the rectangle must be the produtt of the numbers of units 
of length in two of its adjacent aides. 
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Henc^ in bB cascei, w« have the formula 

Obt. In this treatise we shall, for the sake of brevity, 
speak of the product of one line by another ; in all su<^ 
cases it is to be understood that we mean the number 
of units of length in one lioe multiplied bj the number of 
nnits of length in the other. 

We shall now give another and independent jH^Kif of 
the preceding proposition derived from pure Geometrj, 
both on account of its general el^ance and completeness, 
and also to exhibit the subject from a difieront point of 
view. 

4. To find an escpresaion /or the area of a net- 
angle. 

In Euclid's £lemenU qf Geometry, Book VI. Froposi- 
tioQ 33, it, is proved that " Kqniangular parallelograms have 
to one another the ratio which is componnded of the rati(» 
of their sides ■" and therefore rectangles, which are equi- 
angular parallelograms, have to one another this same 

Let A and A' represent the surfaces, or areas, of two 
rectangles, and let their sides be represented b; a, b, and 
a', i/, respectively. 



Then, bj tfae above-mentioned {mtposition. 



Hiis equation is the foundation of the measurement 
of aurfiujes, but before we can apply it in practice we must 
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define Bome standard of taeasnremmt, or, in other words, 
we must select some particalar area for a unit by which 
all other areas shall be measured. The problem of finding 
an area will then be reduced to that of finding the ratio 
between the area of any given figure and that of the par- 
ticular area chosen for a unit. 

' The usual convention with regard to units of area is 
that the area, or surfiice, which is contained by two units 
c^ length at right angles to each other, shall be called 
a unit of area. Thus, if wo take an inch for the unit of 
length, the area contained by two inches at right angles to 
each other will be the nnit of area, and is usually called a 
square inch. 

Similarly, if we take a foot, a yard, or a mile for the 
nnit of length, the corresponding unita of area will be 
those areas contained by two feet, two yards, or two miles, 
at right angles to each other, and will be called respectively, 
a square foot, a square yard, and a square mile. 

Now if in the right-hand figure we suppose a* and i/ to 
be, each of them, a unit of length, A' will become a unit 
of area, and equation (i) will become 

A^ab (2). 

This equation shows that the number of units of area 
in a rectangle is that number which is the product of the 
numbers of units of luigth in two adjacent sides. 

It may be asked why we choose the particular areas 
as already defined for units of measurement. The answer 
is, that equation (2) would not be under so simple a form 
were any other area taken for a unit If, for example, we 
take that area for a unit which is contained by 2 units of 
length on on'e side and 3 units of lengtli on an adjacent 
side, then in equation (1) wo shall have 

A'=i when d—2 andl/=2, 

and the resulting equation will be 

3>12' 

which is less simple in form than equation (2) ; and the 
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The proof just given indndes every case which can 
occur, whether the Bides a and b be represeoted by whole 
mnnbera of the unit of length, or by fractional or incom- 
mensurable numberH, since it ie derived from pare geometry, 
-which is independent of all imitB of measurement. 

5. ToJiTidanexpregeionJdrthearea ofaparaUdo- 
gram. — 

(1) In terms of one Bide and the perpendicular dis- 
tance between it and the oppoeite side ; (Mmmonly called 
base and perpendicular. 




Case fl). Area in term* qf one tide and the perpen- 
di^>ular distance hetween it and the oppotite ride. 

Let ABCD be a parallelt^jam, and complete the rect- 
angle ABFE. Then ABCD, ABFE are paraUelograms 
upon the same base and between the same parallels, and 
are therefore equal to each other. Euclid, i. 35. 

But, area of rectangle ABFE^-AB^BF, Arte. 3 014. 
.-. also area of paralle1(^p-am ABCD^AB x BF. 
, Henceif c^notnber of units of length in ^£, 



.BF, 



A= area in the parallelogram, 

A=pe, 
and.'. log.J^'logji+Iogc. 



8 Area of a Triangle. 

Com (2). Area in lemu o/ tm adjacent tide* and 
the angle included betteeen them. 

In Uie figure draw iJif perpendicnlar to AB, 

.: BF= BR^AD sin BAD, 

:. taei».^AB--iAD%\aBAl>\ 

or, if &=nuinber of uniU of length in AD, 

$ — number of angular units in BA I>, 

A^bc amO, 

and log^=Iog&+l(^c+l»^dn fl. 

6. ToJindanexpreanon/oriheaTeaofatriaingU — 

(1) In terms of one side and tbe perpendicular npon 
it from the opposite angular point ; commonl; called base 
and perpendicular. 

(2) In terms of two sides and the included angle. 

(3) In terms of the three sides. 




Case (1). Area in term* of one tide and the perpen- 
dicular upon it from the opposite angular point. 

Let ABC be a triangle. Complete the parallelogram 
ABCD, and draw CF perpendicular to AB, or AB pro- 
duced, as the case may require. 



Therefore area of triangle ABC = i a 
gram ABCD, 

= \ABy.CF. Art-S- 
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"Sxaux if c — Dnmber of units of Iraiglih in AB, 

p= CF, 

»nd^= area in ^£(7, 

and logj4 =logp+ log c— logs. 
Case (2). Area in term* qf two sidet and the included 
anffU. 

From the preceding case we hftye 

Ares,=ipe, 

mdp^CF= AC Bin SAC^bain A, 

accordii^ to the usual notation in Trigonometry, in nliich 

a, b, e represent the sides respectively opposite to the 

angles A, B, C. 

.'. Area— ^ficsin-^, 
and logarea=log&-f loge+l(^sin^— logs. 
Case (3), Area in termt c/the three fidee. 
Prom the last case we have 

Area^i^csin^ ; 
and bj Trigoaometry we know t^at 

«ii^=^^.(.-o)(t-S)(.-«), 

where 2t=a+b+e, 
Substituting this value of sin ^ in the expression for tJie 
area, we liave 

Area= ./*(»-<») (»-&)(»-<:), 
and 2logarea=log»+log(»— a)+log(«— &)+]og(»-c). 

7. To find an vepreanon for the area o/ajuadri- 
kUeralJtgure — 

(1) In terms of a diagonal and the perpendiculars 
upon it from the opposite angular points. 



10 Area of a Quadrilateral. 

(3) In ternu of the four aides and two opposite angles. 




Case (1). Area in Urm» qf a diagonal and th^ perpen- 
dicidan upon it/rom Ihe oppotite angular poinU. 
Let ABCD be a quadrilateral figure. 
DratT the diagonal AC, and BF, DE peipendicalar 
ioAG. 

Let tf— number of units of length in AC, 

p.= BF, 

P,= DE, 

A= area in the quadrilateral. 

Ifow^=areaof z^.^£(7-t-area of aADC. 
:. A=iAGxBF-i-lAGxJ>E, 
^\AC(,BF+DE), 
=d^. 

If the diagonal AG fall without the quadrilateral as 
represented in the following figure ; 
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Area of a Quadrilateral, 
•we sh&ll eridentjj have 

A=aieuot d ASO-aren ot nADC 
=iACxBF~iAC\I>£ 
^\AC{BF-DE) 



Let AC^d,, BD-dt, and the angle BOC=$. 
Also let OB^x, OD^y. 

Then, in the former figure, 

A= CiASC+AADG 

=iP'd,+ }p,d, 

=id,(p^+p,) 

=jd,{xmi6+pKa6) 

and in tfa« latter figure, 

A-^t^ABC-^ABC 

=irf,(*aiBtf-yMnfi) 

= Ad,(ar-y)giiifl 

=jdid,a]i$; 
.: for both figures, 

A=^d,da an0, 

and Iog^:=Ic^<j,-f-log(;t+Iogsin9— Iog2. 

These fonnnbe are particnlarl; nsefnl in the Bnrrey of 
an estate or other endosore. The four pointa A, B, C, D 
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ahonld be chosen bo as to include as much u possible of 
the estate. The diagonals and the angle between them, 
the perpendiculars and the four sides sbouid all be mea- 
sured, and the area calculated by each of the above fur- 



Also any side, as BC, ma]' be calcnlated from the mea- 
sured lines OB, OC, and the measured angle BOG, and 
the result compared with the meaiwed length of BO. 

In this wajr the fundamental lines of the snrvey, viz., 
the foar sides and the two diagonals, should all be Torified 
before tho filling in of the work is commenced. 

Case (3). Area in termt qf the /our ndet and two 
opposite angle*. 

Let the aides BC, CD, DA, A3, taken in order, be re- 
presented by a, 6, c, d, respectively, and let ABC and 
CDA be the given angles. 
Then, in the first figure, 

A=^adaiaB+^lKtiDD, 
and in the second, 

A—iadau£-ibcwi(:i6<P~Dl 
but sin(36o=— Z))= -ani); 
.'. A=iadimiB+^bG£nl), 
and the same formula is true for boUi cases. 

8. We may now find the area of any rectilinear figure, 

for every rectilinear figure can be divided into a number 
of triangles, and the areas of these triangles may bo found 
by the formulae already given, and their sum will be the 
urea of the rectilinear figure ; but more convenient methods 
will be given in a subsequent chapter. 

9. To find an expresman for the area of a tra- 
pezoid. 

Dbf. a trapezoid is a four-uded figure of whicb two 
opposite sides are larallel. 



Area of a Trapezoid. 13 

We shall sappose the parallel rides and the perpendi- 
cular distaoce between them to be gyytsa. 

Let ABCB be a trapeicud, the ddes^^ and CO being 
parallel to cAch other. 




Drawf^porpendicnl&r to ^5 or £7i^, and join .^C 
let JJ=a,C2)=&,^/' = j>, andJ^areaofthefignre. 
.■. ^=areaofi^5(7+apeaof4^jDC 



and logj<=log(a+6)+Iogji— log 2. 

This proposition will, of eourse, include the case in 
which one of the aides AD or £Cii itself perpendicular to 
the two parallel sides. We shall find this latter case of 
great use in the application of the method of coordinates 
to the determiuation of areas. 



10. To find an expretsion Jbr the area {jf a qut 
riUUeral figure inscribed in a circle — 

(1) In terms of the sides and oue angle. 

(2) In terms ef the sides only. 

r ...0, Google 



14 Area of a Quadrilateral inscribed in a Circle. 




Let BC—a, one of the sides opposite tbe angle A, 
CD^h, DA^e, AB^d, 
and let A = area of the qoadrilateral. 
B; Euclid, iti. 32, the angles B and D are together 
equal to two right angles. 

Now, area of quadrilateral— area of triangle .iJ^C 
+ area of triangle ACD ; 

.*. A = — anB -i — HnZ>. 

Bat B+D^v, :. D=tr-B, .: fiaD=iAa.B. 

_ . ad+bc . „ 
nonce A= emB. 

Tbng we know the area when the four ades and an; 
one angle are given. 

Case (2). We now proceed to find the area when the 
four sides only are known. 

To do this we mnst eliminate un B from the expresuon 

Let AC^x, then bj Trigonometi; we have 
iC=6'+C— 26COO8 J>, 
from the triangle ACD, 

r .....Google 



Area of a QuadrdatereU inscribed m a Circle. 15 
but It='r—B, .: oo»2>=-maB, 

also from the triangle ABC, 

if-a'+d'—2adcoaB; 
.: by Bubtraction, 

o=fr>-o»+c»^rf'+2(6c+ffld)oo§S, 



a'—b'4-d'—e' 

2 (ait+bc) ' 



Again, wii»S=i— cos'S=(^+cos5)(i— cos5). 

„ „ o'-lP-i-d'-e' 

Saw i+cobB=i+ ■ ■ . , .. 

■2(ad+hc) 
Ja + dy-( b -cy 
2{ad+be) 
{a+d+b-c)(a+d+e'b) 
" 2{ad+bc) ' 

and i-cos5=i— ^^^^^j- 

_ (&"+<?+ adc)— (fi' 4- if— aarf) 
~ 2{ad+bc) 

_ (h^e)'-(a-d)' 
2{ad+bi:) 

^ (J>+e+a-d){b+c+d-a) 
~ 2{ad+i)e) 

SnbgtitntiDg iit the expression for dn" B these values of 
I + cos £ and 1 — cos ^, we obtain 

. _ (b+e+d-a)(a+e+d-b)(a+h-t-d- e)(a+b*e~d) 
^^ : 4(arf+te)» ^ ' 



16 Area of a Qaadrilateral itucrtbed in a Circle. 
Now let 2»=a+6+c+d; 

z(»'-b)=a+c+d-b, 
2 (»— c) = a + & + rf- (^ 
2{f-d)=a+b+e-d. 

SnbBtitating these Tolnes in the expresaoa for an'S, 
and extracting the square root, we have 



BinS= ^ V('-a)(*-6)('-c)('-rf) , 
{ad+be) 

and we talce the podtire rign becanee the angle S must 
be leis than 2 right angles^ 

.-. ?^ 8ia5= J{»-a)(,-b)(,»-c)[>-d). 

Bnt the ezpreenon on the left-hand side is that which 
we have alreadj found for the area, hence also 



J=^(,_a)(,-6)(,-c)(.-rf), 

an expresgion for the area in terms of the sides. 

This last expression has the advantage of being adapted 
to logarithmic compntation, and of being independent <^ the 

We obtain from it 
2]og^=log(#-o)+log(*-6)+Iog(«-c)+Iog{«-d). 

Cob. If we suppose the quadrilateral to become a 
triangle bj the TaniBhing of any one side, say the side AJi, 

thw ii=o, and 2»=a+b+e, 
and the expression for its area will be 
s/{«-a)C'-6)('-c).. 

This is the expression which wo have already obtained 
for the area of a triangle in terms of its sides. Art. 6. (3). 
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11. Tofndan ixpret«ionJbrth«ar$ao/aregviea^ 
polygon — 



By a regular polygon we mean a polygon whicli hu all 
its Bidei eqn^ to eoeb other, and also all ita oDgles equal 

It will be manifeat that if anj tvro angles of a regular 
polygon be bisected b; straight lines, these lines will in- 
teraect in a point which will be equidistant hoto all the 
angnlar points of the polygon, and therefore also eqnidistanb 
from the middle points of all the ridee. 

Hence, with this point as centre, two drcles can be de- 
scribed, one of which fasses through all the angnlar points 
of the polygon, and is called the circnmscribed dccle ; and 
the other touches all the sides in their middle points, and 
is called the inscribed circle. 




In the figure, AB represents one side of the polygon, 
Z> its middle point, and C the common centre of the two 
circles; then CA — CB, tod CD is perpendicular to AB; 
also the angle ACB^&i the centre, is the same for each 
aide of the polygon. 



18 Area of a S&jvlar Polygon. 

Let n be the munber of tidet of the polygon, 
a the length of one oAa—AB, 
jB the ndioa of the drcnniBcribed circle = £7^, 

r 1 inscribed circle = CD, 

and A the area of the pcdjgen. 

Then the angle ^(72= -^i or = — , according a« it ia mea- 

mred b; circiilar meamre or by degrees. 

Case (1). Area in form* nf the number ^ridet and 
the radiui qfthe cireunuerB^ed eirde. 

From the fignre, we have 

area of polygon =n tunes area of triangle ACB 

ACkBO . 







.«^ 


^^ACB, 


Art.6.(!)v 


;.A= 


«f' 


Bto^, 


»^-.f™ 


'— i 


.: iHsA 


=logn+2lofi 


ii!+i.g».555; 


-log.. 



Case (2). Area in termt qf the number rif ndei and 
the raditu qf the imeribed eirele. 

Referring to the figure, we have, as before, 

area of polygon=n times area of triangle ACB 

,=« Art. 6. (i), 

=nAD>^CD, 

but ^Z)=(7Z>.tan^C2)=rtan-, or rtan— ; 
n' n 

.■. -4=nr'tan--, or^^nftan- — ; 
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andlog^=l<^n'f2logr+logtau . ' 

Caae (3). Area in term* qf the mtmber qf tidet and 
the length <if one tide. 

Aa in the preceding caae^ 

are»f^yoljssm=nAD x CD. 

Saw AJ)=^, CD=ADcotACI>, 

~_ o .jr a , iBo" 
.'. VJJ= -cot-, or-cot^ — -; 

. a' .V . <P . i8(y> 
A—n — cot - , or ji =jj — cot - — j 
4 » 4 » 

and lag^=logn+2loga-t-I<%cot — — log4. 

Ibe perimeter of the polj^u i 

.'. perimeter = no, or2M^Bin-, or2nrtau-. 

12. To find the area <if the tut/aee <if a rigJu 
priem. 

Dbf, a prism is a solid figure contained by plane 
fignreB, of which two which are opposite are equal, similar 
and puallel to each other j and the rest are parallelograms. 
Euc. XL Def. 13. 

When these parallelc^rama are rectangles, the solid is 
nid to be a right prism. 

I.et ABCDE.FGHKL represent a right priam. 

The area of the lateral snrface will be the stun of the 
areas of the rectangles AQ, BH, CK, DL, EF. 



20 Area of the Surface of an Oblique Prism. 

+DExEL+EAxAF 
^iAB+BC+CD+DE+EA)AF, 
•: BO, CH, DK, ££ a» eadi equal to AF; 




bnt JB+5C+CD+i'^+^^=periineter erf base, 
and AF— altitnde of prism ; 
.'. area of latent] mrbce^ perimeter of base x altitude. 
If we wish to find the area of the whole snr&ce we 
most add to this tiie areas of the two ends, or, since the; 
are eqoal, twice the area of one end. 
Let A ^KKa. of one end, 
jr ^perimeter of base, 
A=altitade, or length of the priran, 
iS'= area of the whole sorbce ; 
.-. S=2A-^ph. 
This resnlt will manifestlj be true whaterer be tiie 
nnmber of sides of the prism. 

13. To find Ihe area of iho mrface <ff on ofifigtie 
If in the figore of the preceding article we Boppose tjie 
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edges of the prism to be inclined to tiie baae, the solid 
wiU be an cbliqut prism, and Vba 6gares A&, BH, &c. will 
be parallelograau tianng a common length eqnal to AF. 

If now we BQppose a plane perpendicular to AF to in- 
tersect the prism, it will be manifest that tlie area of the 
lateral sur&ce of the prism will be eqaal to llie perimeter 
of this section, mnltlplied b; the lengUi of AF. 

Hence the fimnula 

iS'= iA +ph, 
when p represents the perimeter of the tranieertt teelton, 
will give the area of the whole surface of an oUiqu4 prism. 

14. To find the area of the surface of a Frualum 
of a Pritm. 

If a Prism be cut b; two planes indined to each other 
at an; angle, the solid included between Uiese planes is 
called a Fnatum of the Prism. 

The flgnre of Art. 12 will represent a PruBtnm of a 
Prism, if we suppose the planes ABE, FGL to be inclined 
to each other. 

All the figures AG, BH, Ac will then be trapesoids, 
and if A,, A,, A], A^, A, be the lengths of the edges taJien 
in the order ABODE, beginning with AF, and p,, p,, 
Pit Pit Pi be the sides of the perimeter of the tratuwrfe 
tection in the same order, beginning from AF, 

;. 3 area of lateral Burface=7i,(A, +Ai)+ji, (A^+Aj) 
+^j (Aj *>^*)+Pt (A4+A,)+Ps{As +*!)• 

Hence Qm nde : " Multiply each side of the perimeter 
of the transverse section by the sum of tiie two edges in 
which it terminates, and the sum of the products vVl be 
twice the area." 

This rule will manifestly hold for a Frustum of a Prism 
of any number of sides. 

CoK. If the transverse section be a regular polygon, 
of n sides suppose, the prism will be a regular prism, and 
ifp be Uie perimeter of tiie section, each of the quantdties 

Pttpi, &c- will be equal to ^ ; 



Area of the Surface of a Regudar Pyramid. 



.', area of lateral surface =p 



gam of the ei^fea 



_, ... sam of the edges . n . ^i _ 
The qnantitj — — ■ ^ is called the mean 

length of the FruBtnm: it is the strught line, parallel to 
the edges, which passes through the centre of the trana- 
Terae section, and is tenninated bf the two inclined endi 
of the solid. Itia&equHitly called the (uru of the acdid. 

15. To find 1A« a/rta (^f the tuiface of a regidar 



Dbf. I. A pyratnid ia a solid figure contained hj a 
Bnmber of plane tariangles, all of which hare a common 
Tertez, and their bases form a plane polygon. - 

Db7. 3. A reguiar pTramid is contained by a number 
of equal imtedtt triangles, and their bases form a regular 

polygon. 
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Let ABCDEF be tbe base, and f the rraies of a 
regular pjmnid. 

Then all the triangles AKB, BKC, CRD, &c. are eqnal 
to each other, and the area of the pjramid will be equal to 
Uie earn of the areas of all these triangles tt^ther with 
the area of the base. 

Bisect AB in and join KO ; then 

area of the triangle AKB= ^~^^^ . 

Therefore area of the inclined snr&ce of the pyramid 

= ^[AB+BC+GD+DE+BF+JFffi 

OK- . ^ ,v 

= — X perimeter of base. 

Let A = area of the base, 
jt=perimeter of the base, 

S'—area of the whole snr&ce ; 

This resnlt will manifestly be tme whatever be the 
nnmber of sides of the pyramid. 

The line Of is called the slant height of the pyramid, 
and £!P, which is perpendicnlar to the base, the altitude. 

16. To find the area of the tmface <f a frustmn 
of a regviar pyramid, made by a plane parallel to the 

In this solid the base and top will be similar r^^nlor 
polygooB, and the inclined &ces similar and equal tra- 
pezoids. 
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Let A be the slant height of the (rustrum, n the miin- 
ber of ndea, and P, p the perimetera of the baae and %op ; 

.*. 2areaofeadifece=Af — + — j; 

.'. zarea of inclined EUTfoce=A(P4-j)). 

Cob. ItA,,A^ be the areas of the base and top, 

,'. area of whole Bnriace=^,+^. + - ^P■^-p), 

TThen the pyramid is irregular, we can onlj find the 
area of tiie sur&ce hj taking the Bum of the areas of the 
triangles which contain the pyramid; and a similar re- 
mark applies to the area of the sorface of a frustum of an 

irregular pyramid. 
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CHAPTER H. 

MBTHOD OP COOBDIMATES, AND ITB APPLICATION 
TO THE DETERMINATION OP THE AEEAS OP 
PLANE FIGURES. 



17. If we take any point 0, and tlmnigh it draw aaj 
two f>tr«ght lines XOX\ YO ¥', at right angles to each 
oQiw, we can determine the position of any point F in the 
plane of OX and Y, by measuring the lines PM, PN, 
drawn From P, perpendicular to OX and OF respectively ; 
or, dDoe PN^ OM, by meaaoring the lines OM and MP, 



Q 

p; H p 

X^ N O V 'm' X 

T 



The former of these lines is called the dbieina, and the 
latter the ordinaie of tiio point P, and the two togeUier 
are called the eoordinalei of the point. 



26 Method of Coordi-nates. 

The abidnte afe repreaentod, generallj, bj the letter x, 
and the ordinate* b; the letter y, and we distinguigh one 
point P from another point Q by saying that the cDordi- 
ntLtes of P are x, y,, and those of Q, x^ y^ nhich simply 
means that OJf^^Ei, JlfP=y„ OM'=Xi, aaA M'Q^yi. 

The two fixed lines XX' aod YY" are called the axe$ 
<if cofrrdinatef, and the point O, in which the; intersect, 
is called the origin. 

It will be observed that there are /bar points whidi 
will Itave the same coordinates aa the point P, so for as 
we have already defined coordinates, and that these points 
may be doterminod in the following maimer. 

Prodnce PJV to P' making NP'=NP, 

produce PM to F" MP"=MP, 

and complete the rectangle PP"'. 

These fonr points P, P", P" and P"' will evidently 
have coordinates of the same magnitade as those of the 
point P. 

It therefore becomes necessary to distinguish between 
the coordinates of these four poiuta, and to do this we mnst 
take into consideration the directirmt in which the coordi- 
nates are drawn as well as their magnitudes. 

We shall first show that if a straight line measured in 
any direction be considered poutive, a straight line mea- 
Bured in the opposite direction mutt be considered nega- 



Take the straight line XX' ; and suppose a line OA 
measured fhira to the right hand, to be denoted hj a, 
•Hid let OB, also measured from O, be denoted by x, and 



Method of Coordinates. 
Ttienfdnce OB=OA-SA, 



Now so ]oag as 5 is less than a, x will be positive, and 
the point B will be on the right of O. 

When &=B, »=0, 

and the point B wUl coindde with 0. 

When }>->-a, x will be n^atire, 

&nd the point B will be on the l^ of O. 

Hence we see that if a line, represented by an alge- 
braical symbol, be affected with a negative sign, ft mnst be 
measured in a directioD opposite to that in which it would 
have been measured if it had been affected with a pontine 
mgn. 

Now, suppose that tinea measured from TT' to tho 
right-hand are' affected with a poril^ve toga ; those 
measured from the same line to tiie l^-hand will be 
affected with a negative mgn. 

Bimilarly, lines measored from XX' upieardi being 
con^dered positive, those measured from XX' doienwardi 
will be negativft 



Then the coordinates of P will be 

those of P* 

a=-a, 
y=+b. 

those of P" 

V=-b, 
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23 Distance between two points. 

and those of P"' 



and nnce no two of these pnira of coordinaten are the 
Bome^ we are Uiiu enabled to distinguish between the four 
pointa P, P', P' and P". 

IS. To find the distance ietiaeen lu)0 poinlt m lerTtie 

oj" their coordinate. 



Take an? axes of cooi'dinates OX, Y, at right angles, 
draw PM, QM' parallel to r, 

miPB OX. 

Then PQR is a right-angled triangle, 

:.' PQ' = PB' + QR'. Ewdid, 1 47. 
JMiOM^x,, MP=y,, be coordinates of P, 
OJIP=x„ M'Q = y„ Q; 

:. PR=MM-=OM'~OM=x^-'X„ 
and QR=QM'-RM'=<iM'-PM-.y,-y„ 
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hence, if ve denote PQ bj ^ we hare bf mbatitatiOD in 
the ftbove eqaalioii, 

8»-(ar,-«.)» + (y.-y.}', 

in which we take the poutive sign, because we are here oulj 
concerned with the abiolute distance between P and Q. 

The student shonld obseire that although we hare 
taken for a model the case in wliich :r , , y„ a;, and V, are all 
potitive, and x^ and y, greater than js, and jr, reqveo- 
tivel;, yet, b; proper attention to the ngnt of the co- 
ordinates the formnla for 8 will indude ererj caae. 

Take, for example, the distance between P and P"" in 
the figure of Art 17, 

Here pp"'t^pp'2+p'p«'t 

=(M)'+{2V)» 

and, b; tbe forinala, 

=4fjif+lP), as before. 

19. Ta^findanexpretaion/ortheareao/alriangU 
in terma ofihR coordintUea o/il» angular poinU. 

Let ABC be anj triangle, OX, O Y axes of coordi- 
natea. 

Iiet Xi, yi, be the coordinates of A, 

X2,y^ -B, 

«3,y3, ■. C, 

and let iS' be the area of the trion^e. 



30 Area of a Triangle. 

Now araa of ABC^ area ofANPC+ajea. of CPQ23 
-tae&otANQB. 




:. S=iNP(4N+CJP)+iI'Q{CP+BQ) 

-\NQ(,AN+BQ}; 
,: 2i'=(arj-«.)(if.+»3)+C*i-a^)(y,+yj) 

=«3 y. -a:, y. + iTj y^-Xi ft + «, y, + «= yj 

=Xty,-x^yi+x^y3~Xiy,+Xsy,-x^y3. 

This expressioQ is very important, and, by coosiiieTiiig 
ltd form, ma; be easil; remembered. 

We obserre that each term is of the form icy, and tiiat 
there ia a pair of these tenas, with the sign - between 
them, for each point of the triangla Hence, if we write 
down the expression xy—xy three times, thus, 

sey—xy-^xy—xy+xy—sey, 
and add tlie suffices in the order indicated, Tiz. 
I, 2 2, 1 ; 2, 3 3, 2 ; 3, I I, 3, 

we BhaS baro the expression for 2S, vis., 

2:S—«, yj -a:, yi + ;b, yj - aij y, + arj ^i - ar, y> 
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The reader must be careful always to take the coordi- 
nates in the tame order qf tueeettion. Thtis, we pass from 
fCi to X3, from «, to x^ and from x-^ to Xi, aa indicated in 
the figure, 



^» 




and not trom Xi Ut x,, x-^ia x^ x-^^ Xi, where the order of 
succeauon would be violated in passing from x^ to x^ 

Con. I. If we make the origin of the coordinates to 
roincide with one point of the triangle, the point A sup- 
pose, then Xr-o, yi=o, and the expressiou for the area 
becomes 

2S=Xtyi—X2y3. 

Cob. 2, If we also make one of the coordinate axes to 
coincide with ooe side of the triangle, the axis OX c<un- 
ciding with AB suppose, 

then also Vt^o, and we hara 

2S^x^y^ 

It will be seen that this is the same thing as the base 
mu]tJ[^ed b; the perpendicular. 

20. Tojmd an expreaaionfor the area of amyrei^v- 
linetKrJtgitre in terms of jAe eoordinaiea of its angular 
point*. 

; OX, or, 



Area of any. Rectilinear Figure. 




let Xi y, be Uie coordinates otA, 

x,y B, 

liVi O, 

«*y* -D 

i^iPj ^ 

«sV» P, 

and xj/ O, 

on; point mlAin the figure. 

Join 0^, OB, OC, OD, OB and OF, dividing Hie 

&gar6 into as man? trianglea m it has ddes. Then th« 

area of tbe vrhde flgore will be eqoal to the nun of the 

areas of all these triangles. 

Now, by the preceding Article, 
2area^0S=iF,y,-ar,y,+a,y-»y,+«y(-iB,y, 
2areaSO(7=ic, Vj-iTj y, +^^3^— fltyj+aty, — ar, y, 
2axea,C0D=Xit/t-~'e4y3+Xtt/-xyt+a!p,~Xii/, 
2 areaDOB=x^ y, —at, y, +a!, y—xy, +xyi~Xt p, 
iarea EOF ^Xfye-XtVs+Xiy-xyt+xy^-Xsy, 
2 area FOA =«o tf i -*■ tf« +iPi V-« Pi +xyt-3'a V- 
Adding np, we observe that the third, fbnrth, flfUi and 
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dxth columns on tbe rigbt-faand «de irill disappear from 
the result, and we shall have for twice the area of the 
whole figTire ABCDEF, the sum of the first and second 
columns on); ; or, denoting by S the area of ABCDEF, 

2S=Xt y, -X, y, +x, Pj-iEj y, +x, Vt-Xt y^ 

This expreBsion is of the Bame form as that already 
obtained for a triangle, and can be as easily remembered. 

"We may here remark that it ia independent of the co- 
ordinates of tbe point 0, as it ought to be, for the area 
must be the same in whatever manner we may divide the 
figure into triangles. Whatever may be the number of 
angular points in t^ rectilinear figure, there will be the 
tame number of terms <if the /orm (ie„yn^,-~x,^,y^ in 
the expression for twice IJie area, which may therdbre be 
obtained by giving ton the values, i, 2,3, &o.in succession, 
and taking the sum of the resulting quantitiea 

We may take any point of the figure to start from, but 
the remaining points must be taken in their order of suc- 
cession, as explained in the preoedii^ Art, This is most 
important, for, if not attended to, the result will Tiot be the 
expression for twice the area. 

As in the case of the triar^le we may take any point 
of the figure for the origin of the coordinates, and we 
may idso make one of the axes of coordinates to coincide 
witti one side of the fignre. 

This will reduce the expression for the area to fewer 
terms, but vriU at the same time destroy its symmetry. 
Thus, suppose we take A for the origin of coordinates, and 
ABior the axis of j;, then will Xi=o, yi=;oand«j=p, and 
therefore all those terms which multiply ;Ei, ic,, j/,, will 
disappear from the eipression for the area. 

The origin of coordinates may be taken anywhere^ 
and the coordinate axes drawn tiirough it in an; two 
directions at right angles which may be most convenient 
If either or both of them be drawn across the figure it 
is evident that one or more of the coordinates will be 
negativa This will not affect the expression for the area 
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if atte&tion be paid to the Blgebraical agoB of the coordi- 



It will frequently happen that the expreB»on for an 
area wUl come out negative. In all such cases we discard 
the sign, and the reason for doing bo can be easily ex- 
plained. 

The expressioB for an area is, in all cases, -the difference 
between a set of positire and a set of negative terms. 
Now if in any case we find the expression for the area 
negative when we take the angular points in the order 
A, B, C, D, E, F, (see figure) we shall necessarily find it 
pMitdve when we take the points in the order A, F, E, 
D,C,B; now, since the order in which we take the points 
is arbitrary, we have a sufficient reason for discarding the 
negative sign when it happens to appear. 

21, In applying the method of coordinates to find the 
area of any enclosure it is not neeessary that any point of 
the enclosure should be accessible. All that is absolutely 
necessary is that we should have access to two straight 
lines at right angles to each other. 




TfS 



Thus, to determine the coordinates*,,^,, of any point 
.^, we go along the line OX and &s. the point N, at 
which AN and ON are at right angles to each other, by 
means of an; conTenient iustrument, and we then measure 
the distance ON irtuch gives z, . In the same manner we 
determine the point M and measure OM which gives y, , 
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and thiu the coordinateB of ereiy point may be found 
without leaving the coordinate axes, A vetj convement 
inatTumeDt for this purpose is the pocket texlant; fbr, if 
the index be set at ^, the angle ONA will be a right 
angle wheneTor the objects which mark the points and A 
are seen to coincide, and it then onl; remains to keep the 
point N accoratelf in the line OX. This is easil; done b; 
preriously sotting up a pole at a point P, in the line XO 
produetd, and at some distance from the pole which 
marks the point O. When these two polos and the object at 
A appear to coincide in the instrument, the point N is 
determined wiUi considerable bccuteic;. The optical square 
is an instrument which may also be used for the same 
purpose. 

22. Although the method just described of obtainhig 
the coordinates of the angular points of an enclosed am 
is theoreticaUf perfect, and most bo adopted whenever the 
points are inaocessible ; yet, wheneTer we can obtain access 
to these points, it will be preferable to measure the co- 
ordinates from the points themselves : thus, in the figure, 
we should obtain y, by measuring the line AN rather 
than b; measuring OM, because there will be less Uability 
to error in the former case. This we shall now show. 

Suppose in attempting to determine the point N, (at 
which ON, AN are accurately at right angles) we take 
the pomt N' instead ; we make an error NN' in x,. The 
corresponding errorin y, will be ^JV'— v4A^, or y— yi if we 
puty tor AN'. Now y=y.'+JV7V'" because ANN' is a 
right angle i 

Now NN' will always be very small oompared witb 
y-fyi, and therefore the error in y, will be very mueA 
tmaller than the error in xt. Thus with the same degree 
of care in determining the points N, M, we shall obtwn 
more accurate tbIoos of tiie coordinates by measuring 
them from Uie point A, than fivm the point 0. 

I>3 



86 Ewample in Coordinates, Triangle. 

We diall DOir show how the methods irtiidi we bare 
iDvestigated ma? be applied in piactice. 

23. Qiven the fallowing values in feet of the coordi- 
aates of the angultu' points of a triangle, viz., 

find the area of the triangle, and the length of anj one 
ride ; also, constract the triaogle io positkiii with reqiect 
to the coordinate axes. 

■We have, from the general formula, 

2 area=iBiya— a!ayi 

.: 2area=83xiis-i34x2i7 

+ i34'<S4-(-6r5)xiis 
+ (-6r5)x2i7-83xs4,; 
.-. 2area=23853-5-8724-3S 
■ =i4939'i5; 
,■. aTea= 7564-575 sqnare feet 

= 840 sq. yds., 4 sq. ft., 82-8 sq. ins. 

To find the length of any one ride, say the side termi- 
natdng in the points (:c, y,) and (x, p,), we hare, if c repre- 
sent tiie length, 



='y{83-i34)'+(zi7-"S)" 
=V(-S0"+(-93'3)' 
=^/i330S-89= 1 157s very nearly, 
and, similarly, the length of anj other aide may be foond. 
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To constroct the triangle draw two straight lines 
OX, OF, at right angles. 




In the direction OX, set ofif 0A'= 83, Off= 134, and in 
the opposite direction, 00'=6i-5, and draw AA, SB, 
CO paJallel to OY, and equal, respectivoly, to 217, 115, 
and 54. These tiiree points A, B, C, being joined, tbe 
construction will be completed. 

24. The following table represents ft page of a uote- 
boolc, showing how the coordinates of the angular points 
of as enclosed piece of ground may be entered and r^fis- 
tered. The first and third columns contain the BoSces of 
X and y in their order of snccessioo, and the second and 
fourth the values of the corresponding coordinates. 

Thus, *i= — 6'i, a;g-»i2'4, 1/1=0. 

The unit of length is here supposed to be a chain, of 
66 feet, or 100 links. 
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38 ExamjAe in Gwrdinatea, Poh/gon. 

VTv ihall take these dxto and calenlato the am <>[ the 
eadomre, tad ahall then ^i^j tbem to conilnict » pbn of 






+«.oyi-«.l'.o 

., taUi^ tbe plaee of the intennediate terms ; 



+4Stir2-(-6i)xi6-3 

+(-6-i)x9-3i~(-i3)>cii-2 

+(-i3)xo-(-i7)x9-3[ 

■ +(-i7)'<C-7-4)-{-8)xo 

+ (^8}x(-i2)-i2-4x(-74) i 

+ i2-4x(-7)-i8x(-i2) 

+ i8x2-3-ii7x(-7) 

+ 117x0-0x2-3. I 

Mnltiidjlii; tlieee numbers together, and adding ap, we 
And 

2Brea= I225'4S — i87'87i 

= io37'S79 ; 
.'. aTea=5i8'7895sq.chainB, 
= Si-8789Sacre8 
= Sia.,3r.,2op.,7yds. 

The reader shonld obserre that in the two colnmns t^ 
products in tlie eipresBion for 2 area, the ralnes of Xi,ie, 

,yi,y, , will occur in each vertical oolnmn in 

the same order in which they are entered in the note-book. 
Bj attention to this, errors ma; be readily detected before 1 
the mnltipIicationB are performed. | 



,Ogk' 
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"We shall now construct the flgnre the area of which 
ire have jost fbuiuL 
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Taking XOX' and TO Y' at right angles, we see that 
the first pcant will be at O, because Xi -o, y, =o. For the 
second point P, m&rkod 2, we measure 0N=T3> ""d 
NP— 10 ; and in the some m&nnerwe lay down the points 
3, 4, 5, Ac.; the point 6 being on the Uae XX' because 
Va=o. When all the points hare been thus laid down, 
we join them by straight lines in their order of succession, 
and tiien the construction will be completed. 

We may also find the length of any side of the figure, 
or, the distance between on; two of the angnlar points. 
Thns, we maj find the distance between the points marked 
5, and 9. 

This distance = J(x,- 



= V(-i3-if 



-y,)" 



___ +(9-3i-(-7))' 
= Via27'0i6r=35'O25 
= 35 chains, 3 links, very nearly. 
Such a line as this may also be measured, where practi- 
cable, and compared with its calculated length, and will 
Urns become a test of the accuracy with whidi tjie coordi- 
nates have been measured. 



CHAPTER in. 



APPEOXIMATION TO THE ABEA8 OF PLANE CUEVI- 
LINEAS FIQURES. 



25. To find appro^nuUdy the i 
figwre b&tmded by any curve. 



■ of a plane 





p. 


r- 


^ 
p^ 


V, 


^ 


p, 


p. 


> 










V> 




^ 








J 






^ 




~ 



Let ABCD be a portion of a plane figure boimded by 
the cnrred lines AB, CD, and the two paraitet lines 
AI>, BC. 

Draw EF perpendicular to AD or BC tiiroogh any 
COnveDient point in AD or BC. 

Dinde EF into any number of eqnaJ parts, say m, and 
let each of these parts be represented by k, so that 



Through the points of division draw lines parallel to 
AD, or perpendicular to EF, terminated by the boundaries 
AB, CD ; and let these parallels, taken in order, be repre- 
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Bentodhj p,, pi, .p,-,,p^ ADbtangHieSntaaASCtha 

laat, aa shown in the figure. 

Now the urea contained between any two consecutiTe 
pondlela or ordinateB, and the portions of the carved lines 
between them, will be very nearly a trapezoid ; and the more 
nearlj, the closer the parallels are taken to each other. 

Hence, approximately, 

area between pi and Pa = A ^^— , 

1 P. +Pi 



.-. area of ABCD=h(P^±^P-^P'±^^^^^^P-) 

Hence we have this rample role, 

"Add half the som oftiie extreme ordinates to the sum 
of all the intermediate ordinates, and multiply the re&ult by 
the distance between two consecutiTe ordinates ; the pro- 
duct will be the area, approximately." In applying this 
method in practice, the line EF should be measnred and 
divided 1^ n to obtain h ; for, any error in the measure- 
ment will then be divided by n, and the result will be more 
accurate than if h were measured directly. 

26. We shall now investigate a method, generally 
known as " Simson's Rule," by which a much closer degree 
of approximation to the area of a curve may be obtained. 

We shall make use of the figure of tbe preceding arti; 
cle, bnt it will alao be convenient to exhibit a portion of it 
on a larger scale. 

Let the following figure represent that portion which is 
contained between the straight line £F, the parallels p. 
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Now, area between p, and p,— trapesoid £C+carvi~ 
linear area DQL. But Bince the ciuratnre of DGL is 
BuppoBed to be small, and since the limiting form of every 
curre of finite curvature is a parabola (Newton, Larvma 
zi. Cor. 5), we shall obtain a close degree of approximation 
to the curvilinear area DQL bj aupposii^ the carve DOL 
a portion of a parabola, of which GK is a diameter, and the 
dotted line through G parallel t« DL a tangent at its 
extremity. 

It will be shown in a subsequent chapter that tlie 
parabolic area DGL is two-thirds of the parallelogram 
DGL,i.e.^GK xDH. 
H^c^ area between p, andp. 



iiP^- 



+4P=)- 



For the area between p, and p, we shall have to tub- 
traet the currilinear area LO'M from the trapezoid ; 
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.*. areabetweenp, Midp, 

= A( J), +Ps)-i Ji Cp, +P.)-P4l 3 A 

vhlch shows that the Eome formula is applicnble whether 
the coire be eoneaee or convex to the atraight line EF. 

Hence if we nippoM the whole line EF divided into an 
«(Mn nnmber of eqnal parti, aa? zn, the last parallel will bo 
represented bj Pi.+,, and we shall have, reij a^ffoii- 
mately, 

area between p, and p, = - (Pi +p, +4Pi), 

Pj Ps=i^{P,+P.+4P*). 



.'. whole areas' 

+4(P,+P* + -+P».01. 

Hence this mle. 

" Add tt^ether the extreme ordinates, twice the som of 
all tlie intermediate ordinates <^ an odd order, and fbur 
timcfl the sum of all the intermediate ordinates of an men 
order, and mnltiplj the resolt bf one-third of the distance 
between two consecutive ordinates." 

27. We are now able to find tiie area of a plane fi^re 
boonded bf anj curve, to a dose degree of approxima- 

We first inscribe within the fignre a rectilinear polygon 
M nearlj as possible coinciding with it, and find the area of 
Uiis pol^mt bj the method of coordinates or otberwise. 

We then find the areas of the remaining cnrvih'near 
portions bj " Simson's Rnle," and add or snbtract these areas 
to or from that of the polj^on according as thej happen to 
be without or within it. 
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28. The aaaumption made in Art. 35 is equivalent to 
supposing D6, GL, &c. (see the &g. of Art. 26) to be 
ftraight linea instead of cwnset. 

Hencc^ if iV, y be the coordinatea of an; point in tbe 
straight line DG, 

l e. V may he expressed b; the formuhi 

y=A + Bx, 

where A and B are constant. 

Again, in Art. -26, the asBumption that the curve DGL 
18 a parabolic arc is equivalent to supposing that an; ordi- 
nate between p, and Pi can be expressed b; the formula 



where A,B,CKn> constantB, since it is a propert; of 
ever; parabolic arc that its ordinate can be expressed in 
this form when tbe axis of the parabola is perpendicular 
iaEF. 

In Art. zs ^e mppose the two parts into which each 
of the ordinates is divided b; the straight line EF to be 
known, otherwise the figure could not be constructed, 
although its area might be calculated. 

It is desirable to avoid great differences between con- 
secutive ordinates : where the curve is verj irregular the 
ord)nat«s must be taken closer together. 

We shall recur to this subject in a subsequent chapter, 
where we shall give another proof of " Simson's Rule," and 
shall also investigate two other remarkable formulee b; 
which tbe area of an; curvilinear figure ma; be obtained 
to an; required degree of approximation. 
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CHAPTER lY. 



ON THE ABEAS OP THE SECrrlONS OF CERTAIN 
MILITARY EAKTHW0BK8. 



29. To find the area of ike tra/nveerte section of a 
para^t. 




Let ABCDEF represent k transverse eectioa of a 

parapet. 

Draw Bff, CC, DI/, EE' perpendicular to the gronnd- 
line AF, diTiding- the figure into triangles and trapesolds, 
the areas of which can be readily found &om the dimon' 
aions of t]ie parapet, and their sum will be the area of the 
section. 

Again, by drawing the atraight lines AG, AD, AE, we 
divide the figure into triangles all of which have a common 
vertex at the point A, and the areas of these triangles may 
be found by the method of coordinates, as follows. 

Let Aff^Xi, AC=x„ Aiy^Xi, AE'==x„ AF=x,, 
BS=y^, CG=y,, Diy^y^, EE'^y^, y,=o. 
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Tlien a area ABG-x, yi—Xt fi. 

ACD=Xif/i-XiP„ 

ADE^a!3i/^-XtV3, 

AEF= -«,y4, MDce y,=o; 

.■. 2 XK&of tedioa^x, if,-ir, Vi+Xt jf3—X3 i/t 

This is, of course, the eame eipreBsion which we shonld 
obtlun b; treating the section as a polygon, without divid- 
ing it into triangles. 

The parUcular division into triai^les which wo hare 
just employed will be very luefiil hereafter when we have 
to find the volume of any portion of a parapet. 

It should be observed that the coordinates x, y, &o. 
are always known, aud ore, in fact, the dimensions &om 
which a parapet is constructed 

30. The area qfthe eeetion qfa parapet may aUo le 
found by reducing it to a triangle, at/oBMa: 




Let ABCDEF be a section of a parapet as betoroL 

Join CA, draw EG parallel to it and join CQ. 

Then the triangles CBA, COtA being on the same base 
CA and between the same parallels CA, OB, are equal in 
area ; therefore the portion CBAC of the section is equal 
in area to tlie triangle CGC. 

Similarly, if we join DF, draw ES parallel to it and 
jdn DH, Uie triangle DEF will be equal to the triangle 
DHF ; and lastly, if we join CH, draw DK parallel to it 



Transverse Section of a Ditch. 47 

and joiD CK, the triangle DHK will be equal to the Mr 
angle iJCf, and couBeqnentlf, the portion CDBFO'ot the 
section wiU be equal to the triangle C£C. 

Hence the area of the irhole section equals the area of 
the triangle OCZ. 



It ia not, howerer, necessary that the figure should be 
drawn to scale, for the length of GJT can be easily obtained 
by calcniatioo, as follows, 

By similar right-angled triangles 

OffAa HE' FD^ Kiy HC 
BS " CO' EE' ~ DW Diy ~ CO '• 
from these we obtain, successirely, 

6B', HE' and KV, all the other dimensions being 
given, 

and knowing Off and KI/ we immediately find KQ. 

31. To find a relation ietaten the breadth, depth, 
alopeg of aides, and a/rea ifflranavene sedion of a ditch, 
the form of the tection being a trapezoid 




Let ACJDB be a ttansrerse section of a ditch, 

^ =area of the section, 

' ^£=ai=breadtli of thetop, 

£C^ <i = depth of the ditch ; 

r ...0, Google 



48 Transverse Section of a IHtck. 
and aappoae that AC slopes m feet in i, 
mdBD n , 



nhich means that AC &Ils m feet Terticallf for <Rie foot of 
horizont&l diataoce, and Bit n feet in Qie same distance. 

Ifow Uie section being a trapeiaid, 
Area=^CJ5+CZ>)£a 
Bnt CD^AB-AE-FB 
^„ EC FZ> 



mn y 



ThiB equation between A, x, d, m and n, wiU deter- 
mine any one of these quantidoa when the oUier four are 

In Implying it to luiy parijcular case it will be nmpler 
to BubstJtnte the values of the four given quantities before 
proceeding with the solatiou. If the slopes of the sides be 
the same^ 1 & if n = m, the equation becomes 

tn 

If the ditch be excavated until the sloping sides meet 
each other, CD=a, 
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and /. x=^—^d, 

imA A^ -ABx EC =-^~d', 

imd if also the slopes be equal, ^= — . 

32, To Jmd the breadth which mugt be given to a 
ditch, 80 that the area of its transverse section may be 
equal to that of the breastwork and glacis together, sub- 
jeat to the eoTidition that the superior slope of the para- 
pet shall be in the same plane withtheglacU,—lhe depth, 
and slopes of the sides of the ditch being given, and also 
the dimenaona of the profile of the breastwork. 




Let PS be the plane of site, or original snr&ce of the 
ground, supposed horizontal ; and let PABCDEFGHKLS 
be the profile of the breastwork, ditcb, and ^ads. 

Then, bjr the condldon respecting the auperior atope of 
the parapet^ CDLS will be a straight line. 

Let x-breadthof theditchattop^^f, 

rf^depth 

m in I the slope of FG, . 

»ini HK, 
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50 Breadth of a Ditch under certain conditions. 
Also, let ^1= area of traiurrerBe sectjon of ditch, 

^a= breastwork, 

A3- gkda. 

Then we hftve, by the first condition, 

^,=^,+^3 (i). 

Now A, is known, because the dimenuong of the breast- 
work are given, bnt At and A3 evidently depend uptm x, 
the quantity we have to find. 

We muBt therefore express the valnes of A, and A3 in 
terms <if^, and substitute them in eqoation (1), whicli will 
then become an equation for determining ai. 

For Ai, we have, from Art 3 1, 

For Ai, we have to find the area of the triangle XLS. 
Now since the dimensionB of the breastwork are given, 
the line CD is fixed, and therefore the point S is deter- 
minate. Draw CC, LL' perpendicidar to the plane of 
site PS, and CN paraUd to KL. 

Let FS=a, FO'^h, CC^h. 

. Now ^j^iESxZZ', 

SS^FS~FS:=a-x, 

, LL- LS KS . . ., ^ , 
and —^=^^ = j^, by similar tnanj^; 

p 

V NS=FS-t-FO'*CN, and C'N~p.CG'; 



= 7777*' 
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Modi^catum for Expansion of Earth 51 



This is a quadratic eqoatitm in x, and wilt give real 
values for x whenever the fonn and dimensions of the 
breastwork, and the depth of the ditch, are such as to 
render Uie problem possible. 

The equation will also serve to determine the depth of 
tbe ditch when the breadth of the top is given, the other 
conditions remaining the same ; for, when x is given, ttie 
equation becomes a qu&dratic in d. 

In each case there will be two vi^nes of the unknown 
qoantitj, but the nature of the problem will show which 
value is admissible. In solving the equation, either for x 
or d, it will be simpler to substitute the values of all 
the known quantities before proceeding to the solution. 

33. The equation last found will require some modifi- 
cation in practice to allow for the fact that the quantity of 
earth which is taken out of an excavation will be mwe 

than sufficient to fill it again. 

The proportion of this excess will depend upon the 
nature of the earth. For our present purpose we may 
represent the excess per cubic foot by «, so that one 
cubic foot of earth will, after excavation, oocujrr a space 
I -t- A Now the equation 

is an equation between the area* of the sectjena of parqiel^ 
ditch, and glacis, but here we liave to comdder the volume* 
of these parts. 

If we sui^wse the common length of the parapet, ditch. 



52 Modification for Hxpanaion of Earth. 

and glada to be ^, the equation between their Tolames 
wiU be 

u will be seen in the following Chapter, and it b the 
quantity lA, which must be replaced by lAi{i+e) to 
tdlow for tbe excess of earth ; tlierefore we hare, instead 
. of equation (i), 

lA,i.i + e)=lA, + lA3, 
or, A^(i + e)=Ai4-A^. 

This will require a smaller value of Ai than the geo- 
metrical equivaleut of A, and A^, and therefore, with the 
same breadth, a smaller value of the depth, or, mth the 
game depth, a smaller value of the breadth. 



The resultii^ equation will, of cc 



+ b+- 



aad we should, in practice, make use of this equation 
instead of that of the preceding Articla 

There is no other method by which x or </ can be found 
with the same accuracy and fiicility. 
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T0LDME8 OP SOLIDS CONTAINED BT PLANE 
BECTILINEAK FIGURES. 

34. Is inea«iiriiig the rolume of a Bolid fig;nre, whether 
it be bounded bj plane or ciure aurfuces, we have to 
determine the ratio which the Tolnme of the given 8olid 
bears to the Tolnme of some other solid which ia chosen 
arbitrarily, and is called the unit of Tolume. 

D^nitioniif a Unit qf Volume. The volume contained 
b; three planes at right angles to each other, each of 
which is a unit of area, ia called a unit of TOlume. 

Hence the unit of volume is a cube, each edge of which 
is a unit of length. 

Thus, if the unit of length be an inch, the unit of volume 
will be that ocmtained bj three sqnare inchea at right 
angles toeach other, and will be called a cubic inch; and, simi- 
larly, if the unit of length be a foot, or a yard, the iinit of 
volume will be called a cubic foot^ or a cubic yard, respect- 
ively. 

35. To find an. eaipreaeUm, for ike volume of a 
recttaiffular pa/rallel^iped in terms of three adjacent 

J>B¥. A panJIelepiped is a solid fig^ore cont^ned by 
six quadrilaterals every opposite two of which are parallel. 

It will follow from this definition that all the quadri- 
laterals are parallelograms. 
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When these parallel(^!TBins are rectangles, the solid i) 
called a rectangular parallelepiped. 




Let AB, AC, AD be three adjacent edges of a rect- 
angular parallelepiped. 

Let a be Uie nimiber of nnits of length in AB, 

... 6 AC, 

... e AD, 

and V the number of units of Tolntne in the parallelo- 
piped; we shall prove that 

V=abe. 

Thrav will be three cases : — 

(1) When 0, &, « are integers. 

(2) Wheu a,b,e tire, (me or more, fractional. 

(3) When a,b,ea,n ineommennavlile. 
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Cote (1). When a, b, e are integer*. 
Divide AB into a equal parts iii the points E, F, O, IF, f , 

AC b L,M,N, 

And AD e 0, P, Q, R.* 

Through the points E, F, G, H, KAxkh planes parallel to 

CAD, 

through the points L, M, N draw planes parallel to DAB, 

and 0,P,it,R BAQ. 

These planes divide the solid into a number of cubes, 
each of which is a unit of volume. The number of these 
cubes in any horizontal layer will manifestly be the same as 
the number of units of area in the rectangle BAG, or a& ; 
and since the number of horizontal layers equals c, the 
whole number of cubes in the parallelepiped will be ab 
taken e times, or dbc. 

.: r=o»c. 

Ca»e (2). Whea a, h, c are, one or more, fractiojutl. 

We shall suppose them all three fractional 

Let a represent the unit of length, so that 
AB^a.a, AC=b.a, AD^e.a; 



where p, g, r are positive integers, and ^ > - > — proper 
fractions in their lowest terms. 

Now t&ke another unit of length fJ, loss tiian a, and 
Bocb that 

* In tbe figure the lines AB, AC, AD ore divided into 
6, 4 and 5 equal parts respectively, foi ths sake of conienieoce, 
as explained in Art. 3, CIU41. I. 
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Then a.a=(p + ^)m««p=(pm+A)n«^, 

e. o= (r + - JmMj3= (r»+ 1) mn^ ; 

and these latter expres^ons for a. a, h.iL, and e.a being 
whole nuwAen of the unit of length ^, their product will, 
by Caae (i), bo the number of units of volume in the paral- 
I^epiped, each of wbidi ib the cube apon the unit of 
length ft, and will be represented by ^8'. 

.". Toliime ={pm+h) {gn+k} (r»+/) m'n'f units of 
volume p', 

pm + h gn+k ra + l , -l r i a. 

= . . m'n'g' umta of volume jS*, 

= (p+ — )(?+") (♦•+-^unitoof volume a', 

because a unit of volume corresponding to the unit of length 

a contains «i*n'*' units of volume corresponding to the 
unit of length /3, bj Caae (i). 

Hence, as in the first case^ 

Cote (3). When a,b,c are ijuxymmetuvrdbU. 

In this case, although we cannot find any nnit wbidi 
wilt measurers, ^Cand^i>, yet, as we may take a nnit 
Of ittwU at we please, we can cilways find three lines which 
thtdL hi amunemurable, and which shall differ from AB, 
AC and A£> by quantities lea than anjf tliat can be 
auigTied; and their product will be the volume of a pa- 
rallelepiped differing from the given parallelepiped by a 
quantity leu than any tugignable. 

Hence, in this cnSe also, the number of units of volume 
in the parallelepiped most be the product (^ tlie numbers 
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of nniU of length in three ai^'ftcent edg^s. Therefore, in 
all cases, we have tiie formula 



Coa. It 6=c=a, tbe solid will be a cube, and its 
Tolnme will be a'. 

"We shall now give another proof o^ this proposition, 
derived from pure Geometry, aiinilar to that which we have 
already given in the case of areas. 

36, To find an expression for the volume of a rect- 
anffular parallelepiped. 

In Endid's ElemenU <\f Oeovietry, fiookxL Proposilion 
D, it ia proved that, "Solid paralleletnpeds which have 
eqnal solid angleB have to one another the ratio which is 
compounded of the ratios of their sides," and therefore 
rectangular parallelepipeds, which have equal solid angles, 
have to one another this same ratio. 




Let V and V represent the volumes of two rectangolar 
paralleleptpeds, and let their edges be rqtresented b; 
a, h, e, and <^, 6*, c", respectively. 

Then by the above-mentioned proportion, 
r^o 6 e _ abe 
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This equation is the foundation of the i 
of volumes, but, aa in the Cftse of areas, bofttre we can 
apply it in practice we must define a standard of volume 
by which all other volumes may be measured. 

The nsnal convention witii regard to units of vohime is, 
tiiat the Tohune which is contained by ttiroe nnits of area 
at right angles to each other shall bo taken for a nnit oi 
Tolumo. Thus a unit of Tolnme will bo a cube, each tiifSfi 
of nhich is a unit of length. Now if in the right hand 
figure we suppose <i, V, c" to be, each of them, a unit of 
length, V will become a unit of volume, and equation (i) 
will become 

V=abe (2). 

This equation sbows that the number of units of vdume 
in a rectangular parallelepiped is that number vrfaich is tiie 
product of the numbers of units of length in three a<^aoent 
edges. 

The proof jnst given includes every case which can 
occur, whether the edges a, 6, e be represented by whole 
numbers of the unit of length, or by fractional or incom- 
mensurable numbers, since it is derived irom pure Geo- 
metry which is independent of all units of measurement. 
The student is recommended to compare this proof with 
tiiat given in Art.4, Chap. i. and to apply the remarks in 
that Article to the present proof. 

Cob. The ezpression abc may be writtrai 
db^e, or baa, or aexb; 
which shows that the volume of a rectangnlar parallele- 
piped is eqoal to the area of any one face multiplied by 
the length of an edge perpendicular to that face. Hence, 
if .^ be the area of tiie base, and h the altitude of the 
wdid, 

V=Ah. 

37. To Jind an ea^tresston for the volume of <m,y 
paraitel^iped. 

In Enclid's Elemmtt, BookxL Prop. 31, it is prored 
QiBt, "Solid parallelepipeds which have equal bases and 
equal altitudes are equal iu volume," — but this propositian 
may be established more briefly as follows. 
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l^otABCP.MFGHreprfneiat a rectangular parallele- 
piped. Through j<Z) and 5C draw parallel planea ^^iVI>, 
BLMO, and compiete HiOBoM £!SL.FCM. This Bolid 
is equAl in all respects to the solid HAS'. GDN; for, it 
has the same edges, and the same solid angles centred 
by the same plane angles, and we majr conceive it to bo 




applied to the solid HAK. GDN w> that the points 
B, C, F, E shall coincide, respectively, with the paints 
A, D, G, H, when the points L, M will also coincide 
with K, N, and the two solids will coincide, and will there- 
fore be equal in volume. Therefore the parallelepiped 
ABCD. f£Jf^ is equal to the rectangular parallelepiped 
ABCD.EFOH. 

In the same manner, if we draw an; tine OP, make OS 
equal UtAD, draw ST parallel to OP, and through OP 
and ST draw parallel planes OPQM, STUV, wo may 
show that tho parallelepiped thus formed will be equal in 
volume to the parallelopiped ABCB.KLMN, and there- 
fore eqnal to the rectangular parallelepiped. Now the paral- 
lelepiped OPTS.RQUV and the rectangular parallele- 
piped have equal bases OPTS and ABCD, and equal 
altitndee, and they ore proved to be equal in volume ; uid 
ia Uie same manner we may diow that any parallelopqmd 
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will be equal in Tolume to a rectan^ar parallelepiped 
which lias an equal base and an equal altituda Hence, if 
F be tiie volume of any parallelepiped, A the area of Uie 
base, and A tiie altitude, 

r^Ah. 
38. To find an expression /or the volume qf a 
prism — 

(1) When the base is a triangle. 

(2) When the base ia any plane polygon, 
For definitiim of prism, see Art 1 2, Chap. i. 




Case (1). When the base is a triangle. 

Let ABCD.EF6H represent a parallelepiped. The 
plane which passes through the opposite diagonals AC and 
EG divides the solid iiito two equal parts. This is proved 
in Euclid's ElertietUi, Book xi. Prop. 28 \ bat it may easily 
be shows as follows. 

Let Q and S be the middle points of AE and CG ; 
and through SQ draw any two planes PQRS, TQ VS. 

Then it may easily be proved that the two triaoglee 
8PQ and QRS are eqoal in all respects. Hence Uie solid 
SPiiT may be appUed to the solid QRSV so that the 
points S, P, Q may coincide^ respectiTely, witb the pointe 



Volume of a Prism. 61 

Q, B, S, irtien it will be maoifeBt that the two solids will 
be symmetrical about the plane QRS, and equal to each 
other. 

Per the same reason, anjr two opposite solids which 
have SQ for a common edge, will be equal ia volume ; and 
the Bum of the one set which make up the prism ABC. 
EFG will be equal to the sum of the other set which make 
up the prism ACD . EGII, and therefore these two prisms 
will be equal in volume. 

Therefore the volume of either prism will bo half the 
volume of the parallelepiped ; also, the base of either prism 
is half the base of the parallelepiped, and their altitudes 
are the same. 

Hence, if .^ be the area of the base of a triangular 
prism, A the altitude, and V the volume, 

V=Ah. 
Cote (2). When the base ig any plane polygon. 




Let ABODE . FSffK'L represent a prism the baae of 
which is the polygon ABODE. 
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B; drawing planes through any one edge, as AF, and 
through all the other edges excepting the two adjacent to 
AF, one on either side of it, we can divide the prism into 
a number of triangular prisms, all of which have a common 
altitude, (viz. Uie perpendiciilar distance between the planes 
which form the base and top of the pnaoi,) and their bases 
will be the triangles BAG, CAB, DAB. 

Hence '& A-^, Ai, A^ and .J be the areas of Uiese three 
triangles and of the polygon, respectirely, 

y\, y^! ^1 <ui'l y the volumes of the three triangular 
jnjams and of the whole prism, and h the common altitad^ 
r, = A,h; r, = ^.A; Fi^Ajk; 
:. r,+ r.+ F3^(A,+A,+Ai}h, 
or, r^Ah. 

In tbe same manner, vhaterer be the number of sidee 
of the polygon, it may be proved that the nnmber of unils 
of volume in the prism is equal to the nnmber of units of 
area in the base multiplied bj the number of units of lengUi 
in the altitude. 

Cob. 1. If the prism be divided into two parts by a 
plane perpendicular to the parallel odgea, and the upper 
part be applied to the lower so that the face FQHKL may 
coincide with the face ABODE, F coinciding with A, G 
with B, and so on ; the solid thus formed will be a right 
prism, having for its base tlie transverse section, and for 
its altitude the length, of the given prism; and its volume 
will, of counx^ be the same. 

Hence if ^' be the area of the tranaverae aection, and I 
the length of the prism, 

r^A'l. 



Cob. 2. Bince r=A'l^Ah, 



, A' h 



Now -J is manifrntly the comne of the angle betvreen the 

planea of the transverse section and base, since A la the 
perpendicular from F upon the plane of the base, and 
I- FA, and is perpendicuhu- to the plane of the tranaverM 
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Bence if ^ be tho ares of a rectilinear fignre npon 
any plane, A' the area of it» projection upon anotlier plane 
making an angle g with the former, then 

A'=A coH $. 

This reanlt will also be true for a carrilinear area, aa 
will be »een in a gubsequent Chapter. 

39. To find an expremon for the volvme of a 
pyramid — 

(1) When the base is a biangle. 

(2) When the base is any plane polygoa 
For definition of pyrainid, see Art. 1 5, Chap. I. 
^niis proposition presents peculiar difficulties. 

If we OMWuitne, aa is sometiines done, that " pyramids 
npon eqnal bases and of equal altitudes are equal in to- 
lume," the difBcnlties are eraded ; but, in a Treatise like 
the present, in which erery proposition is strictly proved, 
or immediately deduced from Euclid's Elementt, such an 
assnmptian is inadmissible. 

Again, if we refer to Buclid'a Elenwntt 0/ Geometry to 
prove the aboTe-mentJoned proposition, we shall find it 
necessary to employ Propositions 3, 4, S and 6, of Book xn. 
to establish it. These propositions, which are long and 
difficult, are not usually read ; to avoid them ws shall here 
mnploy, for the first time, the "Uethod of Limits." 

This method will be fully developed and ai^lied in the 
subsequent Chapters, but it will be no disadrantage to the 
Btodent to see some aj^cation of it at this stage of his 
]««gress. 

Com (1). WTien the hate U a triangle. 

Let ^ be the vertex, and ABC the base, of a tri- 
angular pyraiDid. Draw KP perpendicular to the base, 
intervectii^ it in P, and divide KP into any number of 
equal parts, say n, in the points Q, R, N, Ac. 

ii each of these points of division draw planes 
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parallel to the base ASC, and complete the priama ABab, 
&c., as shown in the figure, and also the prisms A'B'dV, &c, 
as shows by the dotted lines. 




It wiU be manifest that the pyramid will be always 
less than the complete outer pile of prisms, and aJwajs 
greater than the complete inner pile; and ilrnt the difference 
between tbe pyramid and either pile will be less than the 
difference between the piles themselves. 

But Uiis difference will be the prism ABah ; for, the 
lowest prism of the inner pile is equal, in all respects, to 
the second prism of the outer pile, and the second prism 
of the inner xnle to the third prism of the outer pile, and 
■o on, to the highest of each ; and therefore the inner pile 
of prisms is equal, in all respects, to the outer pile, ex- 
cepting the prism at the base. But, when the nomber of 
prisms is increased indefinitely, and the altitude of each 
indefinitely dinunished, this prism will become less than 
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any assigiiable magnitude ; therefore the difference be- 
tween the two piles of prisms, and therefore, a fortiori, 
the difference betweeu the pTramid and either pile will 
become less than any assignable magnitude. Hence the 
pyramid is ultimatelj equal in volume to either pile of 
prisma. 

We shall now find the Tolume of a pyramid b; first 
finding an expression for the rolume of Uie outer pile of 
prismst and Uien finding what this expression becomea 
when n is indefinitely great. 

Let A be the area of the base ABC, h the altitnde of 
pyramid, = KP, and therefore each of the parts into which 

JTP is divided = -; also, let KNha the first r of these 
parts, meaanred from i", so that KN= r — ■ 

Now the prism DEFde = (area of a DEF) x — , but 

since DEF is a section of the pyramid made by a plane 
parallel to the base, it will be similar to the base ; 



aDEF : hABO 



DE' ■ AB; Euclid, vi. 19. 
EI> : fj>, by similar triangles, 
£If' -. KP', ; 



i.». cDEF: A : 



.'. volume oi pamn DEFde = Ah — j ' 

Hence, the volnme of the outer pile of prisms will be 
found by giving to r, in this expression, all values from 
I to n, both inclusive, and taking the sum of the resulting 
quantities ; 

,-. Tolnme of outer ple=—3-(i"+s»+3»+ +»'). 
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The sum of tbe seriea i»+2"+3''+......+b", may easily 

beshowntobe ;n(n+i) (2n-f i). See Art 67, Chap. vi. 

.■- volume of outer pile=zri (**+ ') (^'*'*" i) 

Now, when n is indefinitely great, this espression will 
give the Toluue of the pyramid ; bat in tbat cas^ - , —~ 
vauiah compared with unity ; 

.". volume of pyramid = — ■. 

Hence a pyramid ia one-third of a prism of equal base 
and altitude ; and pyramids of equal bases and equal alti- 
tudes are equal in volume. 

Gue (2). When the bate it any plane polpgon. 
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Let -P. ABCDE represent % pyramid the h 
B the polygon ABCDE. 



e of which 



Draw the planes FAG, FAD, which will divide the 
pyramid into three pyramids on triangular hues BAG, 
GAD, DAE. 

Let ^,, A^,Aj and A be the areas of these triangles 
and of the polygon, regpectirely, V^, V,, F, and V the 
Tolomes oi the Uiree triangular pyramids and of the given 
pyramid, and A the common altitude, viz. Uie perpendiculaf 
finom tiie Tertex F upon the plane of the base. 
Then r.=f^,A; r, = \A^h; V^=^A^h; 



In the same maimer this formula m«y be proved, what- 
ever may be the number of aides of the base of the 
pyramid. 

40. To find an expression for the volvme of a 
frusbma. of a pyramid, made by a plane paralld to 
lAe base. 




Lot .45(7 . ZlS? bo a frnatum of a pyramid, made by a 
plane DBF parallel to the base ABO. 
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Let P be the vertex of the complete p;rsniid. 

Draw P3f perpendicular to the base ABC, intersecting 

the plane DEF in the point N, and jom AM and DN. 

Let A, be the areaof the trioDgle ^£0, 

A .DEF, 

MN, the altitude of the frustum, - h, 
PiV=x,iuidlet r^volume of the frustum. 
Now the frustum = pyramid J" . .45(7- pyramid P . ZtSJ"; 

^i\A,h■i■{A^-A;)x\■, 

n the quantity x must be eliminated 

Now the triangles ABGsnA DEF are simDar ; 
•■. A, : A, :: AB' : DE'. (Eudid, yl 19.) 
But AB : DB :: PA : PD, 
► v.PM:PN, 

v.x-^h'.x; 
.: A, :A^ :: (x+h)' : iC; 

. -JT, ^^±^ ^ * 
■Ja~~ « ~ •«' 

■' ja: ''' 

.-. x{A,-A,)^hJj-{jA7+^A:\- 

BubstitutingthiHTalueof a;(jl,— J,)in the exprosaion 
slready found fur F, we liave 



^\A,+^A,A,+ A,\. 
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la thiA proof Hie figure used is a triangnlar pyramid, 
but the same proof will i^tpty to a pyramid the base of 
vhich is any i^De poison, for in such iMee,A, anAA,, 
instead of being Uie areas of two siinilar triangfee, would 
be the areas of two nmilar polygons of which AB and BE 
would be homologous sides, and we should have in this case 

A, : A, :: AB' : D&. (Endid, vi. 20.) 
Ilenc^ whatever may be the form of the pyramid, 

F^hA,.+^ATA.+A,\. 

41. To Jmd an escpreasioa for Ute vdvme of a 
fnuAvan of a trvimgvlar prtsm, modi by two planes 
iaielined to each other oA any angle. 

Let ABC . J>EF be a frnstom of a triangular prvan, 
made by the two planes ABC and DBF, inclined to eacU 
oUier at any angla 

Draw the planea 6BH, KEL perpeudicolar to BE, 
one of the edgea of the prism. 

Now the volume of the frustum is equal to tlie volume 
rf Uie prism GBH . KEL together with the volumes of 
the two solids, the cme, KELFD, above^ and the other, 
OBHGA, below this prism. 

3<AaKFmAJ>L. 



EB=ht, FC=ht, DA'-hi, 
FL^x, HC=al, DK^y, AQ^tf, 
andlet Fbe tiiOTdtimeirftheft 



Now the solid KELFD is mads np of the two trian- 
gular pyramids KEF . L and KEF. D, of which KEF . L 
is the same thii^ as KEL . F, and KEF . i) is the same 
thing as KED . F. 
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Also XBD . F= KED . Z, because the; are pymnidB 
on the Hftme base KED and of eqnat altitodes, aad 
K£D . Z is the game thin? as KEL . D. 




Hence the solid KELFD is equal to the two pynunids 

KEL . F and XEL . D ; 

i.e. the boM K^ELFD=^ Ax +^At/; 
Himilatly, the soKd QBHCA =^Axf-\- i Aif, 
and the prism GBH . KBL=Ah, ; 
.-. r=Ah,-¥^A{x+y+!if+i/) 

but a-\-af=hi—hi, and y+y'=Aj— Ai, 
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or, r^A - 



This formula Bfaom that the rolame of the frnatnm u 
equal to the area of the trangverse section multiplied b; 
the mean length i^ the three parallel edges. 

The formula, of conrae^ inclndeg the simtder case in 
which one end of the fhutum is itaelf perpendicular to 
the three parallel edges, or, as it would Uien be called, a 
frostnm ot a right prism. 

42. To Jmd an ea^pretewn for the volume of a 
frustum of a prim, the base of which i» any regittar 
polygon. 

Let ^5<7. . .iV be a portion of a regular polygon of n aides 
whidi forms the base of a prism ; and suppose the frus- 
tum to be made bf a pltme DEF...K inclined at any 
angle to the plane ABCN. 



^^^X^ 




From 0, the centre of the poljgooal base, draw OF per- 
pendicular to the plane of the base, to intersect the pbne 
DEF...Kvi.P. 
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Join OA, OB, OC, ON; PD, PE, PF, PK. 

IaA P=ToloiDeof Ihewholefi-astoin, 

PiE3_ fnuliim on the base ^(75, 

r.= BOC, 

&c.=&c. , 

r.= NOA, 

OP-h, AD^b,, BE=h2, CF=hi, ic=&a, SK=h^ 
Alio, let ^=araft of the base rf tfae whole frnBtoiu, 
»nd therefore —= areft of each of the triangles ^ 0£, £0(7, 
NOA. 

-Hien zV,-^{b+ht+hx\ 

3r,=^(A+A.+ Ai), 



3r.=^(A+A,+A.X 

Abo r,+ F,+ *V.= V; 

:. 3r=— (nA+2A.+2A.+ +2A.), 

Vow it m^ TOij easQf be shoini that 

iiA=A,+A,+ +A., 

vfarther the mimber of aidesof thepoljgim be even or odil. 
Making this snbatitntion for nA, we have 

3r=|3{A.+ft.-t- +A.)y 

^ p.^^ &.+*,+ +A. 
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ThiB formula shorn that the volante of the frnatniD is 
equal to the area of the tnoBTerae section moltiplied by 
the mean length of all the parallel edges. 

It will eanlf be seen that the foTmnla is as general as 
that of the preceding Article, in which the ends of the 
fi-nstom are &of A inclined to the pomllel edges, or to the axis 
(tf tJie prism. 

43. The formnU of the preceding Article may also bo 
proved, as followa, hy a method which is sometimes useful, 
and wluch we ahall now give. 

Iiet ABCD MN be a r^nlar polygon of n sides, 

forming the base, or tiuisTorBe section, cj a fnutum of a 
prisin. 

3ovaAC,AD, AM. 

Let h,, hi, hi, A4 A._„ A. be the lengUis of the 

edges, of the frustum, which pass through tiie points A, B, 
G, D, M, N, respectivel;. 




A'aA\%iA,fAi, ^4.^1 be the areas of the triEOigjra 

BAC, CAD, JfjJJV,— the namber of these triangles 

being lets by two than the nnmber of ddea of the polygon — 
and A the area of tiie section. 
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Let Vi, Ft, F,_a be the Tolumea of the solids 

whichBtandapon thebasea Ji, ^3, ^.^i, respectiTel;, 

and V the volume of the whole solid. 

Then we have 

3r.=J,(A,+A3+A4), 



3F._,=^_,(A>+A._,+A.). 
Also r.+ F,+ r.„,= F; 

+J,_,(A.+A.-i+A.); 
and we shall obtain a nmiTar aquation b; repeating the 

foregoing process witheachof tfaepoint«5, {7, />, Jf, JV 

; therefore also, 

3r=J,(A.+Ai+A^+^i(Ai+A4+Aj)+ 

+^,^i(A»+A,+Ai), 



3F=.4.(A.+Ai+A»)+.4»(A.+A,+Ai)+ ... 

+-4._a(A.+A.-,+A._,): 
adding these n equations together, we find 

3«r=(^i+^,+...+J._J(3A.+3A,+ +3*.). 

or, «r=^(Ai+A,+ +A.), 

since A=A,+At+ A^^; 

. - . Ai+A,+...4-A. 

44, To find an expreition for lite volume of a 
Jrustian of a pritm, the tranaverse section of mAicA w 
any wTegvlar polygon. 

Let ABCDEF represent the transverse section of Boch 
a prism ; and let it be divided into triaoglos b; strai^t 
lines drawn through any one angular point, as A. 
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Let Ai, A,, Ai, A4 be the areas of theae triangles 
IS shown in the flgiire, 




Ai, A], hj, hi, hf, hf, the lengths of the edges through 
the points A, B, C, D, E, F, respectively. 

Vi, V,, Vi, r, the volumes of the frusta of the trian- 
gular prisms of ^\ackA,,A„Ai,At are, respectively, the 
transverse sections, aod let V be the whole vohime. 

Then 3F, = ^,(A,+A,+ A3), 

3r^=Aj,h,+h^+ht\ 
zr^-A^ih^+h^+hi), 

3P;=Jt(A.+Aj + A»); 
heauie by addition, 

3r=A.(^,+^,+.4j+^)+AU.+ Aj(J.+ ^J 

+ hi{At+A^)-i'hi{Ai+Ai)+ht.Ai. 

TUb is expressed in a rule as folloiws, the troth of which 
will be manifest from the flgnre 1 

"Multiply the l^gth of each edge of the frustum by 
the snm of the areas of all the triangles in the transverse 
section which have an aognlar point in that edge. The 
sum of the products will be three times Ute Tolume." 

It is manifest that this role vrill apply to a &aatmn of 
a, prism of any number of sides. 



Volume of an^/ portion of a Parapet. 



76 

We maj conveniently express the above formula b; an 
abridged notation, as follows : 

where S stands for " the sum of all the quantities of tfie 
form," and A represents the sum of the areas of all the 
triangles which hare an angular pomt in the edgo^ the 
length of which is h. 



45. To find the volume of any porti 





The lower figure represents a portion of a parapet con- 
tained between two planes ABCDEF and dbce^f, which 
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may be Tertacal planes, of plaoee ioclmed to the vertical, 
and to the direction of the parapet, at an; angles. 

The npper figure repreaenta a traoBrerae section of the 
parapet; and it will now be manifeBt that the solid under 
COQfdderation is a fruatom of a prism the tisnsvorse sectjoa 
of which is an irregnlar polygon, and therefore the formula 
of the preceding- Article will be enScient for the determi- 
nation of its volume. 

It ahoold be obeerTed that in every case Aa, Eb, Ce, 
Dd, Ee, Ff are liTtet on the plan, and can therefore be 
measored. 

Let their lengUiB be oTi, lEs ^3, ^4, ^j, j:«, respectJTely, and 
let ^„ ^„ ^3, ^4 be the ar«as of the triangles JfZiV, iVXO, 
OLP, PLQ, into which the section is divided l^ lines 
drawn through the point £, and which can be easily calcu- 
lated as explained in Art. 29, Ch. it. Also, let F be the 
volume of ,^e solid ; tiien, by the preceding Article, 

3V^2.Aai, 
or, if wo develope this formula, 

3F^a,(A,+A,+A3+At)-t-x,A,+S}(JK+A3) 
+X4{A3+A3)+*)(A3+A^+XaAt. 
Tho fonnnla 

3V=l.As 
wiU also determine the volume of any portion of a rampart 
or other similar work, care being taken to divide the trans- 
verse section into triangles all of which have a common 
vertex in one of the linei on the plan ; for, if the section be 
divided into triangles in any other manner, the formula will 
be ai^)licable tHily when the bounding planes ABF, o^are 
vertieal. 

^. To find am, scpresmon fiyr the volume qf a 
prismoid. 

Fig-. I represents a Prismoid, — which is a solid con- 
tained by a rectangle ABCD and the trapesoids ABFE, 
DCGH, ADHE and BCGF, and of these, the last two 



,o^lc 
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have their planes perpenaicular to the edge AB. The re 
maining side EFQMmiU necessarilf be a trapezoid also. 




The planes ABFE, DCGB ma.j be inclined to the 
base ABGD at any anglea, not necessarilf the some. 

Pig. 2 Tepresentg au eleration of the pmmoid, token 
at the Btnaller end, and is the only figure necessary in 
practice. 

A &miliar example of a prismoid is a lailway catting, 
where the roadwa; is ttraight and horizontai, and the 
original snr&ce of tiie ground an inclined pliate running ia 
the tame direction as the rails. 

We shall now inTestigate the following simple formula 
for the Tolome of ft prismoid, viz. 

6V=l\Ar + A^+/U\, 
where ^=lengtb of the prismoid=^£, 

Ai -axee, of smaller end ADHE, 

At= lai^wr. BCGF, 

A = mean, or mid-section KLMN, made 

b; a plane parallel to tlie end^ passing tbrough K, the 
middle point of AB, 

and F=ToIume of the solid. 
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Throdf^ EH, Fig. i, draw the plane EQRH parallel 
to the base ABGD, and through EQ and HR draw planes 
BQS, f if 7* perpendicular to the plane EQBH. 

These three planes divide the prismoid into four Mlidii, 
vis., Oie prism BH, the triangular prism TQH, and the 
two pjramids E.SQF and H. TRG, all of which have a 
common length, or altitude, equal to AB, 

Let ^j=areaof the rectangle QT, 

A4= triaaglo SQF, 

Ai= TBO, 

then, since Ai is the area of the trapesold BR, 
All is the vdtune of the prism BS, 

^A^ prism TQff, 

^AJ pjnaAiE.SQF, 

and \A,l pjtaaad.ff.TSG, 

and these (bar solids make i^ the prismoid ; 
.-. r=A,l+iAil+iA^l+iAil, 
OT, 6F=l\6A, + 3A3+2At + 2As\. 

Sow At=Ai+Aj+At+Ai, 

A=Ai+iAi-i-iAt+iAti 



0, Googic 
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{.■ OP^ QB, OU=iQS, OL^iQF, aadPM-=iRG ; and 

the triangles UOL, SQF are timilar, as also are tlie tii- 

auglea FPJf and TRG\* 

and .■. 4^=4-^1+2^3+^4+^;. 

Hence ^, + j<a +4^ =6ji, + 3^3+2^4+2^5. 

Therefore, b; Bubatitution in the above ezprosdcm for 
6r, we have 

For the application of this formula in practice, we only 
require to know the breadths AD, EH, FG, the perpeu- 
diculars AX, A Y, (see fig. 2) and tlie length AB, of the 
prismoid 

Let these lines be represented hj a,h, c, pi, pt and 
t, respectivelf . 

Then A,—Ha+b)p,, 

A,=i{a+c)p,, 

.-. 4^=i-(za+6+c)(pi+pa). 
B7 aabstitatiug these values of Ai, Ai, and 4^ in the 
formula 

(,V=l\A^+Ai+itA\, 

we readily obtain the volume V. 

47. The formula which we have proved in the last Ar- 
ticle will be true however gmall may be the breadth AZ> ; 
therefore it will be true when AD vanishes. In that 
case Qie section becomes a triangle, and the solid a frnstum 
of a triangular pyramid. Hence it follows tliat if the upper 
aur&ce of the prismoid be tTtdmed to the base, as repre- 
sented Yfj GF'E'H, fig. 2, (in which case the transverse 
sections are no longer trapesoids), the same fonnnla will 
hold ; for, it will bold for each of the parts into which 
the solid is divided by the plane EFGH, and therefore 
for Uie whole solid. 

' In Fig. t, ths line OP hsa been accidentally omitted. 
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4S. We vmy now show that the fermnla ivhich wo 
have already obtained for the volame of a fhistum of a 
triangular pyramid, Art 40, is identical with that which 
we have just deduced for the game solid, by supposing 
the section of the prisiaoid a triangle instead of a tra- 

We have from Art. 40, 

=A \A,+{^A, +n/37)'+^,}. 
Now if ^ be the area of the mean sectjon of the fVnstnm. 
£ the leogth of the side parallel to AB, 



AB^ 



but AB+DE=2&; 

.-. JZ + 7Z = a*/Z; .-, (^/3;■^-^/X.)*=F44. 

Hence 6V=h\Ai+A,-i-4A\, 

the same formula as before. 

49. The formula 6V^^A.+A,+aA\ will hold fiw all 
solids the ends of which are polygons of the same number 
of sides, with their planes parallel, and the remaining 
faces trapezoids; for all such solids can be dinded into 
priamoids of the same length, and since the areas of the- 
ends of the sdid are equal to the sums of the areas of the 
ende of the prismoids, and the area of the mean section ia 
equal to the sum of the areas q£ the mean Motions of the 
prismoids, the same formula which will be true of each 
prismoid will be true of their sum, t. & of the whole solid : 
it will also hold when any of the trapezoids become triangles 
by tlie ranishing of their smaller ends, in which case the 
^ds of the solid will not hare the same number of sides. 
a 
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Sncb (olida Bre called " Prinnoidal Btdida," and the 
general formula which is tqi|dieab1e to Ui«ii k GoUed Hie 
''Frumddal Fononla." 

CO. Apfdicaticm ot the Frismoidal Formnls to de- 
tennine the voliuiie of earth in a railwaj Gotting-, or em- 
bankrorat^ or otiier ■iimlar work. 




The fignre representA a penpectife riow of a railway 
cutting, cootauied between two trangrerse Bej^ons ASCI) 
and EFGH, — ABFE represeatiDg the original Bnr&ce of 
thegronnd. 

Divide DH into on even namber of equal parts, say 
sn, in the points K, L, M, &c, and through each of these 
ytm\e draw planes pt^aUel to ABCD. 

Let the areas of these planes, taken in order, be .cli, ^ ,, 

A^. A,,^,i—A, being the area of ABCD,aA A,.^, 

that of EFGH; and let eadi- of the diatancee US', KL, 
LM, bc.=A, Eo that DS=2nh. 

Now the earth betwerai any two altemaU lectionB is 
priamoidal in form, if we neglect the ineqn^itiea in the 
sur&ce of Ute ground between such eectionH, and the inter- 
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mediate Bection will be the mean section of tliii prismoidal 
solid. Hence 

6T0I. between AiBndAj = 2li(_Ai-t-A, + iA,), 

At Af = 3h(.At + Ai-t-4AJ, 

Af A;^2h{As + A,+4A,,\ 



A^-i ...A^,=2A(,A„.z+A„„+^„). 

.: 6 whole Tolame=2A)A + .4a.+if 2(^j+.^j + ...^„^,) 
+4{A,+A, + ...A,.)\i 

:. 3r=h{A,+A»^,+2{A,+A, + +J„_,) 

+ 4M, + ^* + +A,.)l. 

Hence we bare tbia role : — 

" Divide the length of the catting into an evrni number of 
equal parts, and take t^e areas of the tnuBrene sections at 
the points of division. 

" Jidd togetber tbe areas of tbe extreme sections, twice 
the sum of tbe areas of all tbe intermediate sectiouB of an 
odd order, and fonr times the sum of the areas of all tbe 
intermediate sections of an even order, and mnltipl; bj 
the distance between two consecutive sections : tbe product 
will be three timea the volume." 

Tbe Fomiala of this Article may be expressed symboli- 
cally as follows 1 — 

3y=h{Z.A..,^+2S.A^+4S .A^]; 

where Z . ^«i_ represents Uie snm of the areas of the 
extreme sections, and S.A^, ^ . A,„ the suma of the 
areas of all the intermediate sections of an odd and even 
order rcBpectivelj. 

It will be observed that tbe formula is only approximate, 
on account of tbe inequalities in the sor&ce of the ground 
baring been neglected; but the nearer tbe sections are 
taken to each other, or the greater the number of tbe parts 
into wbicb tbe length of the cutting is divided, the more 
accurate will be the result. 

02 
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SI. We nuyalM) app); the same method, and the sama 
fonnnla, to determine the volume of a catting or embank- 
OKOt when made npon a curve, the pbnes uf the transverse 
BBctions being supposed to converge to the centre of cur- 
rature. In this case the volmne of earth between alternate 
secUona will not be accurately prismoidal, even when we 
neglect the inequalities of the surface, because no two 
sectiuDS are paraUd; but if we take for h tho tnean distance 
between two consecutive sections, — which will, in general, 
be the distance measured along the centre line of the 
roadway, — the errors will be very small. 



In a subsequent Chapter we shall investigate an 
extensiou of the Prismoidal Formnla to certain solida 
bounded by curve surfaces, and it will then be seen that 
the approximation to the volume of a solid, such aa that 
considered in Art. 50, is much closer than would appear 
from the assumption upon which the formula of that 
Article is fouuded ; and that this formula does ihclude, 
with considerable accuracy, the inequalities in the sur&cu 
of the ground which were aegleetod in establishing it. 
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CHAPTER VI. 

ON THE METHOD OP LIMITS. 

52. Definition <^ a Limit. 

The limit of a rariable qnantity or magnitade ie that 
quantity or magnitude to which it may be made continu- 
ally to approximate ; but to which it nerer becomeo ac- 
tually equal, although the difierence may be made leu 

Uian any assignable. 

Let X represent a rariahle qnantity, 
A a constant or inrariable qnantity, 

then if ^ (^^ ^ made contimially to approximate to A, 
and if the difference can be made loss than any aeaigiiable, 
thongh not absolutely zero, ^ is the limit of X. 

As an illuEtration, l«t X represent the sum of n temu of 
the Geometric Series i, -, ~,&c Then, by the theoij 
of geometric series, we know that 



il.--. 



Now, bj continaally increaiing «, we can make X con- 
tinoally approximate to 3, and the difference between a 
and X, or -j;^ , can be made leas than any assignable. 
Hence 2 ia the limit of X; or 2 is the limit of the ram of 

the series i + -+--»-...+ -=— r, whenn is indefinitely great, 
2 4 2"-' 

A^n, let OA, OB be two radii of a circle at right 
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nnglei to each other, snd let BC he ti tangfcnt to the drde 
at B, and therefore parallel to OA. Buppow two poinU 




F aod Q to itart from B at the game instant, the one, P, 
moving along the line BC, and the other, Q, along the 
arc BA, but in such a manner that the straight line PQ 
■hall always pass through O. Then it will be evident that 
as P mores along BC, the path BQ, travelled by Q, will 
Gontinuall; approximate to the quadrant BA, and that 
the difference QA can be made less than any aaaigtuLble. 
Moreover it ia evident that the difference QA can never 
be sero, since the point P can never leave the line BC, 
and QA can only vanish when OP coincideB with OA. 

Hence the qnadrant BA is that magnitnde to which 
BQ can be made continiiaUj to apprositnate, but to whidi 
it never becomes actnall; equal, although the difference 
QA can be made less than any aseignable. TberefcH<e BA 
ia the limit of BQ. 

Obt. One magnitude is frequently said to be vBi- 
maUly equal to another : all that is meant by this is. that 
the difference between the two magnitudes can be made 
leas tJtan any assignable magnitude, but not actoally 



53. D^ilvM qf a Cvne. 

A. curve is a line traced t^ a moving point which is 
continually dunging the direction of its motion. 

When the diai^pe in directiMi is gradual, and nowhere 
abrtqit between two pointfl, the curvature ia said to be 
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eontinutd between thow points. And, when the cnire is 
wboU; convex to the line joining any two pobts, the cnr- 
Tatura is said to be in the lame direelian between those 
points. 



Tbns the corre ABC is ermtinvtd, and in the $ame 
direction between the points A and C; the curve ADG 
is eontinaed, bot not in the aans dirmtion between these 
points; and tiie curve AEG is neither continued -nor in 
the some direction between the points A and C. In the 
last case there is a sadden change in the direction of the 
motion of the generating pdnt at E. 

64 D^nition of tht tangent to a curm. 
The tangent to a. curve at an; ptnnt is the straight line 
in which tte generating point m»dd move, if it cea*ed to 
change tiie direction of its motion at that point 

We shall find it convenient to nsa another definition 
of the tangent, whidi is as follows : — 
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Let APQ be any curve, the earvatnre of which [s con- 
tinued throogh tfae point P, and in the mm€ direction 
between tvo near points P and 'Q. Draw Die chord PQ, 
and let the point Q move along the curre continusUy to- 
wards P, BO that the distance PQ may be less than any 
nsgignable. Then the line PQ will continually iqjprozi- 
mate towards some determinate potition FT. This line 
PT, which is the limiting position of PQ, is tlio tangent 
to the curre at the point P. 

55. Lemma I. 

Qwtntifie*, and ths ratiot qfquantitie*, which, in any 
finite time, tend continually to eqwdity, and which, 
b^ore the end of that time, approach nearer to each other 
than try any a»tigned difference, became tdlimateljf eqtMl. 

If not, let them become ultimately unequal, and let 
their ultimate difference be 2>. Therefore, (since they 
tend continually to equality), they cannot approach nearer 
to each other than by the difference D, which is contrary 
to the hypothcBiB. Therefore, tbey ^ not become olti- 
mately unequal, that is, they become ultimately eqnaL 

As an illuBtration of Lemma I, let A^ be a diameter 
of a circle, PP" a chord parallel to AA'; AQ, A'^ tan- 
gents at A and A', (and therefore perpendicidar to AA'), 
intersecting PP' produced, in Q and Q", 
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Now, as the line QP^ tnoTes, parallel to AA', Dp to 
AA', PP" and Q^ teud eimtinually to eqnalitj, and be* 
fore PP" amvea at AA', their difference (2QP) can be 
toade less than an; asBignable. Hooce PP" and QQ" be- 
come nltiRutel; eqoaL 



56. liemina II. 

If, in any figure AacB, bounded by t/U itraigM lines 
Aa, AE and the curve acE, any namber qf parailelo- 
fframs Ab, Be, Cd, tSc. be ineeribed upon equal hate* 
AB, BC, CD, d:c., and, having the tidee Bb, Cc, Dd, Se. 
parallel to the tide Aa q/* the figure; and the parallelo- 
gramt aKbl, bL<nn, cMdn, Ae. be ecmpleted; then, if the 
breadth qf tkete parallelograms be diminished, and the 
number increased indefinitdy, the idtimate mfiM which 
the intcrQ>ed figure AKbLcMdD, the dreumscribed figure 
AalbmcndoE. and the cureilinear figure AabcdQ, have to 
•e ratiot of equality. 




For the difference of the inscribed and circumBcribed 
ffgares is the Bum of the paratlelogriuns Kl, I/m, Mn, Do, 
that is, (since the bases of all are equal), a parallelograra 
whose base is Kb, that of one of tiiem, and altitude the 
Bum of their altitudea, that is, the parallelogram ABla. 
But this paralleli^ram, since its breadth Js indefinitely 
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diminiahed, 1>ecome« less tJian any asstgiubl« magnitnde, 
therefore (by Lemms I.) the inscribed and cvcamaeribed 
flgnrea, and, a/ortiori, the iDtonnediatecnrrilinear flgnru, 
beoome altiiiiB4iel7 equal 

S7< Lemma II F. 

7A« tarns tdtittuOe ration ar« tUto raOot ijf sguatttjf, 
lehen ths bnadtAt c^ Ihe paralMograma AB, BC, CD, Se. 
are wiieqatd, and all are diminithed ind^niltlp. 

For, let Ay be eqnal to Ihe greatest breadth, and the 
paraUelogram FA^ bo completed. This paraUelogram 
will be greater Hum the difference between the ioBcribed 
and circamacrihed figares. Bnt, when its breadth ia di' 
mioished indefinitely, it will become less than any aasign- 
aUe paraOdogram. 

Cor. 1. Hence the nlUmate sam of the eraneecent 
parallelograms coincides with the cnrrilinear &gare. 

Cor. 2. And, a fortiori, the rectilinear figure vhit^ 
is bonnded by tiie chords of tiie evanescent arcs ofi, be, 
ed, &c nltimatdy coincides wIUl the currilinear figure. 

Cor. 3. As also the rectHinear figure which is bonnded 
by the tangents of the same arcs. 

Cor. 4. And these ultimate figures, wiOt respect to 
thar perimeters acE, are not rectilinear, but currilinear 
limits of rectilinear figures. 

The carve acB is the limit of the bouudary formed by 
Cbe chords, or the tangents. 

S8. If, in Uie figare of Lemma II, Aa be at rigbt 
angles to AE, the parallelograms will be rectangles ; and, 
if we then suppose tha whole figure to revolve round AE 
fixed, the curvilinear area will generute a solid, (called a 
solid of revolatioa), and the inscnbed and circumscribed 
figures will each generate a series of cylinders ; and it 
wQl be maoifest from the Lemma that the ultimate ratCos 
of ^ther series of cylinders and of the solid of revolution 
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will be nttiiM at equality. The straight line AS, aboat 
iriiidi the figure reToIves, is called the axit of the sc^ of 
revolation. 

GQ. Lemnut IV. 

/f in twojtguret AacB, PprT there he inierihed (« in 
Lemma II.) two terie* qf paralletogrami, the number in 
each §erie* being Iht tame, and xf, tnhen the breadth* are 
diminithed indsfinitdy, the ■tdtitnaU ratio* V the paral- 
Vdogrtant in one figure to the paralldogranu in the other 
be the mane, each to each; then, the two figure* AaoE, 
PprT are to one another in that tame ratio. 




For, as the pftniHelogramB are ead) to eat^, so, com' 
ponendo, is the aiun of M to tiis sum of all, and so the 
figure AacE to the figure PprT, for, hj Lemma III, the 
fonuer ^:nre is to the form«' budi, and the latter figure 
to the latter sum in a ntjo of equality. 

The foDowit^ proof will asedrt the Htndent in nnder- 
itanding this important Lemma. 

Let At, A3, A,..., a,, a,, a,... be the areas of the 
two series of pMaUelt^iams inscribed in Ok two figures, 
and let 

—^—m+x,, —^=m+x,, — ^=M+«,, ftc.=&c, 
«, o. «j 

x,,Xt,t,, &a, being qunntitiea which vanish in the limit, 
when tiie breadths of the parallelograms a 
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indefinitely, so that, according to the hypothesis, the linuta 

of ~i, — ^, — ^, &a, are each equal to m. 

Now A,=ma,+x,at, A,-ma,+x.a., 
A,-7na,+x,aj, &c.=&c; 

+3?,ffl, +a;,o, +;Fja, + tc,; 

■ - ■^i-*--- ^ i+-^ 3-'-&c-_ ^■o,jfiF,a,+a:30j + &a 
a, +a,+a3-f&c. a, +a, +a, 4-&C. 

Now if :r be always the greatest of the variable qnon- 
tjtdes ji;, , X, , j;, , &c., this last ratio will be less than 



I. e. less than x,—b, quaotdtf which raiuahes in the limit 

TT 11 1- -1 .Ai+A,-^A, + .,. 
Hence the lumt of =»», 

a rea o f figure AacE _ 
'* area of figure P^rT'"'^ 

Cob. Hence, if two quantities of any kind whatever 
be divided into any the same nomber of parts, and these 
parts, when their number is increased and magnitude di- 
minished indefinitely, have the same given ratio each to 
each, viz. the first to the first, the second to the second, 
and so on in order ; the whole quantities will bo to one 
another in the same given ratio. For, if in the figures of 
this Lemma, the parallelograms be t^en, each to each, in 
the same ratio as the parts, the snma of tbe parts nil! be 
always as the sums of the paralletograma : and, therefore, 
when the number of the parts and parallelograms ie in- 
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ereued, and their magDitude dimimshed iadt-finitelj, in 
the ultimate ratio of parallelogram to parallelogram, that ' 
u, (by hypothesis), in the ultimate ratio of part to part 

GO. Defnition of similar curvilmear jigure*. 

One curvilinear figure is said to be aimilar to another, 
when, any rectilinear figure being inscribed in the cue, a 
timtlar rectilinear figure can be inscribed in the other. 

Hence two similar curvilinear figures are the litnitt of 
two similar rectilinear figures, when the number of sides 
is increased indefinitely, and the magnitude of each indefi- 
nitely diminished. 

61. Lemma V. 

All the AofWtffOK* nV«* of timilar figures are pro- 
portional, whether curvilinear or rectilinear, and their 
areat are in the duplicate ratio 0/ the ride*. 

Newton does not_gi¥e any demonstration of this lem- 
ma. It follows of necessity from the definition of similar 
curvilinear figures, that they are the limits of similar rec- 
tilinear figures, and whatever is tru^ of these rectilinear 
figures is truo of tLeir limits 

62. We shall now deduce a simple t«8t of the simi- 
Isrity of curvilinear figures. 



IxA, SPR, apr he two similar curvilinear figures, and 
SPQS, spqr wmilar rectilinear figures inscribed in them. 
Join SQ, iq ; then PSQ, ptq will be similar triangles, and 
the angles PSQ, piq will be equal ; 

.-. SQ : SP :: sq : sp, 

4>t SQ : iq :: JSP : ip. 
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Now since this is tme of any simitar rectiline&r figures, 
it will be true for any points Q, q, provided the uigles 
PSQ, ptq are equid. 

Hence the proportion "SQ : *q :: SP : tp" will be a 
teat of the similuitj of vaj two cuttcs. 

Thus we maj show that all circles are similar. Tor, if 
we sappose the above fig:iire8 to reprewnt semicirdes of 
which SF, *p are diameters, 

:. SQ=SP<imPSQ, »q=tpeoBpiq, 
:. SQ : tq :: SP : *p, 
tdnce the angles PSQ, ptq are eqaaL 

Or we ma; reason thus : — If we take two concentric 
oircles, futd describe any polygon wAatever in the outer 
drcle, and firom the angular points draw radii to tiie com- 
mon centre of the drcles ; then, if ve join the pcnnts, in 
order, where tiiese radii intersect the inner circle, we shall 
form a polygon which will bo rimiiar to the first poison. 
Hence the circles are umilar. 

63. Lemma VI. 

1/ any arc ACB, given in poiilion, be tubtended by a 
elMrd AB, and \f at any point A, t'n the middle qf cow- 
tinned careature, it be touched by the ttraight line AD 
produced in both direction* ; then, if the pointt A, B op- 
proaeh one another and ultimately eoindde; the angle 
BAD, contained by the chord and the tangent, Kill di- 
minish indefinitely and ultim/itely vanith. 




Draw BT the tangent at B ; then, Mnce the point A 
ill the middle of continued curvatore, when B moves 
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up to A, the tangent* B T and A T will nltimatelf coincide ; 
therefore the angle BTJf will diminiab indeftiiitelf and 
nltimatelj laniBh, and therefore, a fortiori, the angle 
BAT, which is lew than BTD, will diminish indefinitelf 
and (dtimatelf Taniih. 

64. Simiiar conterminotu are*, tchich haae their 
chord* coincident, htmt a etanman tangmt. 




Let APB, Apb he two umilar contenninoni arcs, hav- 
ing their chords AB, Ab coincident. 



AP 


A, :: 


Je 


A,:: 


Aa 


Aq :: 



AB : Ah, 

AB : Ab; Art. 6z. 

AP -.Ap. 

Hence the arcs AQP, Aqp are also Bimilar. Now, if 
the point P move along the cnrre up to and ultimatel; 
coincide with A, the two arcs AP, Ap, being always simi- 
lar, will vanish together, and the straight line APp will 
assnme the tame ultimate pofdtion Ibr either curr^ i> e. 
the two cnrres hare a common tangent 

Def. The tubterue of an arc is a straight line drawn 
from one exb-emit; of it, to meet, at a finite angle, tlie 
tangent at the other extremity. 
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65. Lemnw VII. 

If any are ACB, giem* i» potitum, be nAtended hg 
Ihe ekard AB, and at Iks point A, in lis middle qf con^ 
tinaed currature, the tangent AD be draicn, and the evb- 
tenee BD ; tiien, tehen B apprcachee to A and tdtimaiHp 
eoincidee with it, the uitimaie ratio <if the arc, the chord, 
and the tangetU to one another i* a ratio qfeqtialitp. 




For, as the point B apprcnidies to the point A, let AB, 
AD be supposed always to be produced to points b, d at 
B finite diatAnce from A, and bd be drawn parallel to Qie 
mbteiiBe BD, and let the arc Aeb be alwajB similar to the 
>rc ^C!5, and therefore hftring AD for its tangent at ^. 

Now, whm the points B, A coincide, the angle bAd, 
by the preceding Lemmn, will ranish, and therefore the 
straight lines Ab, Ad, which are alwajs finite, and the 
i ntonnediate arc Ad> will nltitnatelj coincide, and will 
therefore be equal. Hence, also, the stratglit lines AB, 
AD and the intermediate arc ACB, which are always pro- 
portional to them, and which vanish together, will have an 
ultimate ratio of eqnalit; to each other. 

CoK. 1. Hence, if through B, BF be drawn parallel to 
the tangent, always cutting an; straight line AF, passing 
through A, in F, this lino BF will have ultimately to the 
vanishing arc ACB a ratio of equality, since, if the paral- 
lelogram AFBD be completed, it has alwi^ a ratio of 
equijitjto JZ>. 

, a.,<,ogic 



lAmitinff values of —g- and -g— . 97 

Cor. Z. And if, through B Euid A, tmj number of 
Btraight lines BE, BD, AF, ^0 be drawn cutting the 




tangent AD and the atra^ht line BF parallel to it ; the 
nltimate mtia of all the abBcisBte AD, AE, BF, B6 and 
of the chord and arc AB to one another will be a ratio of 
equality. 

Cor. 3. And, therefore, in ereir argmnent concerning 
ultimate ratios, all these lines ma; be used indifferentlj 
one for the other. 

66. To jmd the limitmg vaZuea of and 

— - — when $ is diminithed indefinitelf/, $ r^tregeniing 

the circular meature of an angle lets than a right 
amgle. 




Let BAB" be an arc of a drcle, BBf its chord, FF' 
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the tangent paiftllal to the chord, terminated by tlie radii 
CB, C0' prodnoed to meet it inland F" raegeKtaYAj. 

Draw CA biMctii^ the lusle BCJf, and therefore ^et- 
pendiculftr to FF", 

Let R be the mdios of the circle, and 6 tlw drcnbr 
mnaore f£ the aDgle BCA ; 



How, I7 Lennva YII, tlie chord Bff, the an BAB", 

and Uie tangent FF' have an nltiniate istio of equality to 

each other when the an^ BOS' ii indefinitely dhoi- 

nished; 

.*. BD, BA and FA are nltimatelj eqnal ; 

SD BA , FA ■ a a J ^ o lu 

.■, ~_- , -^ and -n- , or am (*, ff, and (»n 6, are (Ub- 

mat^ equal; 



— ^ are nltamatdy eqnal ; 



or the limiting Tallies of — x— and —k~ are each equal tc 



mi^. 

If we sappo&a the angle to be the n* part of foor ri^t I 
angleB,ita drcolaT meaame will be exiHoaed by — , and ' 
— will be diminiahed indefinite^ when n is indefinitely I 



It is in tfaia fom that we AaH genenDy make nae oC 
this linuljng *alae in the foUowiug pafcs. 



LimUing value of 



2' + 3'-K^ + B^ 



47. In the appUcatioti of the metbod of limits to de- 
termine the lengttis of cture line!^ Uie areas of sur&cea, 
and the rolumes of solids, we shall require to know the 
limiting value of the expression 

i'-t-2'+ 3 '+...+w' 

irtien n is indefinitely ino'eased, p representing any poei- 
UTe integer. 

This limit m^ be found by gnnuning the series and 
taking the limit of the resulting expression. But instead 
of adopting this coarse, vhich would require the actual 
summation of Uie series in all cases, we shall here intnv 
doce a Theorem which will determine the eniuB of all 
aeries similar to that above when n is finite, as well as the 
limiting Taiaes rf all expressions of the above form when 
n is indefinitely increased. 

Let ^1 denote the series i + z + +«, 

S, i»+z»+ +».", 

and, generally, S, i'-i-2'+ +«'. 

By the Binomial Theorem, p being any positive io- 
t^er, 

{n—iy'-r^—ptf-'+p- — n'-' — ...Tpn*i, 

the terms being alternately positive and negative, and the 
last term being ^ i, accordii^ as ;> is even or odd. 

Therelbre 

«'-(«-i)'=p«'-'-j)^^n»-" + .,,ifcp»Ti, 

where the last term will now be ■<> i, according as ^ is even 



Now by giving to n all the values i, 2, 3,...«, b 
rively, we obtiun the tollovring equations ;— 



'"SI'' 
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2»_ l'-ij).3»-' -j>^^ .2'-' + .,,±p.2=Fl, 



t^-(n-I)'=;».n'-■-p^^«^' + ...*^.n^I. 

Adding these eqtiations together, and gnbatitatiiig 
Su S„...Sf^i forthe sums of the series which they re^ec- 
tiyely repregent, we hare 

or n'-pS^.t+p^^ Sp_,---rpSi^n^o, 
t he nniober of termB being p + 1. 

From this Theorem all the eeriea S,,S,,..-Sr-,ma.j 
he found in sQCcession, begimiing with Si . 

Tofind^,,Ietp=z; 

.■. n'-3>S+n=o; 

. „_«'+n_ «(«-H) 
■•■^'=-^~^- 

Again, to find the limit of -^ or ^ — , when n 

is indefinitely increased, we hare 

n' 3 \ tt/ 
md, by snffidently Increadng t^ — can be nude less than 
any assignable qnantity, and .'. Tanishes compared with 
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Hence the limit of --^ = . 

ToBiid.S„lfibp—3i 

.■.n'-3S,+3S.--n=Oi 

-^(n+i)C2» + i). 

To find the limit of I when n is indefinitely increased, 
we do not require to know the Talne of Si in tenua of n, 
for, dividing the above equation by n', we Imve 

1-3—3 
and pasung to the limit, 

i-3liiiutof -'=0; 

— for the limit of ~ having been proved to be finite, that 
of -I will be zero, and also the limit of — is sero — 

.', the limit of — ? — - . 
n' 3 
Similarl;, we may find S3 from the equation 
«''-+«'j + 6^,~4>S', + w = o; 
and difiding by n*, and pawng to the limit, we have 
I— 4limitof -i=o; 

r .. .o,Goog[e 
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and .'. Um limit of ~ = — . 
»* 4 

In tlie laine manner, if we diride tlie general eqnaUtHi 
bf ft', we have 



and the limit of --^ = ; 

«■ — ■ ■■ is the limiting Talne of ~>ti" — j ^l*^ " 

is indefiiutel; increased, p represeuting any positive 
int^er. 

This result is also true when p is a poaitive fractdon. 

Cob. Ad; finite number of terms maj be omitted 
IWim the nmnerator without affecting the limit For, 
sappodog the first r terms to be omitted, 

the hnut of ^^ — - ' ^^.; 

-thehmit of I ^^^^- ^,. 1 

= , since the limit of the second fractitm is .wro, its 

nmnerator being always/mM. 
Thus the limits of 

when n is indefinitely iacroased, are each equal to — — . 



CHAPTER Vn. 

ABEA8 OP PLANE CDEYILINEAK FIGURES. 



68. Ik this chapter we shail conridor the areas of 
plane cnrrilinear figarea when Uie cnrrilinear boundaries 
ore described according to known laws. We shall also, in 
some cases, find the lengths of the boundaries. 

69. To find expresawiu for Iht area and cirettm- 
Jerence of a eircU in tenat of iia raditu. 

From Lemma II. Cor. 2, it will be manifest that a 
tarcle is the limit of the inscribed regular polygon when 
the number of sides of the polygon is indefinitely in- 




Let ABCbt a drcle, radios r, and AC one side of 
inscribed regular polygon of n sides ; 

then the l AOC^— . 

r ...0, Google 
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Kow, by Art 1 1, the area of fba inscribed polygOB is 



.•. area of the cirde=liimt of - 
irtien m is iudefinitel; increafled ; 



bat the limit of - 



.-. area of the circle =nr», 
We may remark that vr^ is the tuperiar limit of the 



, mace the ratio • 



than nnity so long as » ia finite, and only becomes eqoal 
to unity in the limit. Tins corresponds to the geometrical 
proposition, that the circle is the tuperior limit of the iu- 
acribed regular polygon. 

We may o'btain the same expression for the area of a, 
drde by considering it to bo the inferior limit of the 
eircttmicr^)ed regular polygon. 

Again, the circumference of a circle is the limit of the 
peiitueter of the inscribed r^ndar polygon. 
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Now the perimeter of lliifl polygon =2nr sin — , Art. ii, 
Cor.; 

.'. drcomfereuce of the drcle^ limit of mr sin - , 

wbon n is indefinitely increased; 

.to 5^ 
.*. ciTcamference of tlie circle = limit <^Zsr^-^; 



bat tho limit of — 



.'. drcamfereDco of the circle =2irr. 

70. The student mnet bo cautioned against conndering 
the latter part of the preceding Article as any proqf that 
tho circomforonce of a drcle^zirr. It ainoanta, at most, 
to a verification of a result previously ascertained ; for, in 
all treatises on Trigonomet^, ir is taken to represent the 

„ drcumferenco . ,. , . , 

ratio — diam e t er' ~ ' "^ therefore circumference =airr; 

but the value of n- remains to be determined. 

"Wo hare already shown that all circles are similar 
figures, and therefore, by Lemma V, their circumferences 
are preportional to their radii ; 



circumference . 



. cotulanl ratio. 



If we denote this by 2ir, then, since the circular mea- 
sure of an angle is the ratio - 



by 2v, and tlie circular measure of half a right angle by -- 
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Nov there is a theorem, called Oregoiys Beries, vhidi 
expresses the circular measure of an angle in a serieB t£ 
powers of its tangent, which is as follows ; — 

-, , „ tan'fl tan'tf tan'fl . 

and this aerieB will determine the numerical value of 6, 
provided be not greater than - . Soe Todhonter's Tri- 
gonometry, Art 291, &C. 

If i9--, tani9=i; 



This is a ntimerical and convergent series, and the 
value of ~ may be calculated from it. As, however, it 

does not converge with snfficietit n^idit;, another fonnnla 

is employed which ia as follows : — 



and therefore, by the above theorem, we obtain 

l99~3V99/ ^sW ~"'y 

These aeries are rapidly convergent, and from them 
the value of n- has been catctilated to more than 400 places 
of decimals. 

To thirteen places of decimals 

w= 3-141 5926533898. 
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Hence an approximate Talne of n- is -— ; bat « mych 

nearer valae is — , which ii true as &r as 6 places of 

dedinalK The last fraction is easil; remembered by 
wribbg down the first three odd numbers twice and di- 
Tiding them in dte middle : thus, 113 1 355- 

Either of these fractions may be emplt^ed according to 
the degree of approximation reqoired. 

71. To f/nd Ok areas of a sector and segment of 

In the figure of Article 69, AOBC is a sector, and 
ABC a, B^meQt of the circle. 



How by Euclid, vi. 33, 

area of sector : area of circle :: arc AB : drcamfiBrence, 

:: angle AOB : 4 right angles. 

Let ^ be the area of the sector, a the nnmber of de- 
grees in the angle AOB, and 6 its circular moasare ; 

:. A : irr' ;: 0= : 360°, 

and A : leV :: $ : 3r. 

Hence, when the ang^e is expressed in degrees, 

and when the angle is expressed in circular measnre, 
A =irT« — = — = , 
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Again, let A' be the area of Ifae segment ABC, 
tbeu A'^axea. otwedUsr A0B-6XtA of triangle AOB \ 

360 z 

if the angle be expressed in degrees ; 

, ,, T«fl »-» sin * 
and A'= 



if the angle be expressed in circular measure. 

It will frequent!; happen that the radius and the aiigle 
AOB are not known, and cannot be measured ; but they 
can always be foond when we know the lengUis of the 
chord AB and the Tersed ane CD. 

FoFjlet JS=za, CD^h, 

then, smce OJ)'^OA'~AD', 

:. (r-A)*=r=-o»; 

.'. 2rA=ai=+A»; 

g'+A' 

■'■ *"" 2A ■ 

Also the angle AOB^zxa^Xa BOC 

=4 angle £.^(7 



We shall now obtain a formula, easy of application, 
when the length of the arc ACB con be measured, as well 
as the chord and versed sine. 
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» A'=^(e-a.e). 


• linS-JKiilcoiS, 


«dnf.?.„de«.?.£=», 


.■.d.»=.St*i ,a,o»=^i 


-'=?{?-^<'-*'} 


^cr-ar+aA 


.(.-«) r+<.4. 


liB, CD.(CO+OZl).^i)., Eui!Ud,m.3S 


.-. A(2»--A)=a': 


. «■+*. 



oa» + fA" — a ' — fflA" + 2iiA* 
= iA J 

■■'*- ""5 ■ 

This formula ^Tes tiie TOlne of ^' in terniB of a, e 
and h, and is independent of the ndins, and of the angle 
A OB sobtended b; the arc at Uie centre of the circla 
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72. Tojlnd the area of an annnlii«,~or tka tpaee 
tneliided beivxen two coneentrie circles of unequal 




Let S =ndjxiao{ the ovAatarele ABC, 
r=radiiu of tiie inner circle /)£/', 
and A -area of Uie aannluB. 
Tfaett, manifestly, 

= ,r(fl + r)(fl-r). 

We mar also find a siiDple expression for the sectorial 
area ABED, in terms of the bounding arcs and the dis- 
tance between them. 

For, let £7 be the length of the arc AB, 

e ....: BE, 

h the distance between them=^£. 
Thm area .^S£D=sector AOB-tector DOE 
RC ro 

= ; Art.71, 
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Ch+rjC-e) 
a 

Now, nnce the arcs C and e subtend tlie same angle 
%iO, 

c r r ' 

.: Gr-cr+eh, 

.■.riC-e)=ch. 

Snbstdtating this Tahieof r (C— e) in the last expression 

for the area, we find 

area of ABED — , 

This formula is analogooa to that of the trapezoid, C 
and e taking the {rfaoe of the parallel sides. 

We ma; remark that the area of the annular fignro 
will be the same whether the circles are concentric or not, 
proTided tme circle ia entirely incladed within the other. 

73. To find the area 0/ a lune. 

A Lune is the figure formed by two segments of (arcles 
wbich hare a common chord, and are on the same side 
of it 

If two circles be drawn interaecting one another, it will 
be Been that there are two Innes, one on each side of the 
common chord, and that the diiSerence of the two Innes 
will always bo equal to the annulus formed by the same 
drcles. 

To find the area of a lune, it will be necessary to find 
the area of each segment and to take their difference. 

There is, however, one case in which the expression for 
the area of a lune takes a more simple form, and that is 
when the two circles haie equal radii. In this case the 
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centres of the two circles nill always be on opporite sides 
of the common chord and equidistant from it; and if the 
area of one segment be 

— (tf-sini9), • 

that of the other will be 

— )2ir-tf-sin {2v-6)\, 

or —{2ir-9+aaff). 



74. To find the cirevmftrence and area of ort owd 
formed by circular ares. 

The simplest form of an oval b constructed as followt : — 
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Let ABF be a ckde, AB a diamBtar, vid E its centre. 
Draw £F perpQDdicular to AB. Join AF, BF, and pro- 
duce Uiem indefioitely. 

With. centres A^B describe the circaiar area BC, AD, 
and with centre F deaoribe the arc CD. The cure ABCD 
will be one fbnn of an OTtd, and the aimplest fbnn. 

It will be a eotUinuotii curve, because the tongenta at 
(7 to the drcidar arcs CB, CZt are both perpendicular to 
the straight line CA, and therefore coindde ; and, for the 
aame reason, thfi curve ia continuona through the point B. 

(1). Tojiad the cireun\ference a/" tkt oval. 
Let r be the radius of the circle, 

then the Imgth of the semicirde AHB-^irr; 
and since the angle BAG is half a right angl^ it> cironlar 

measure ~—r 

4 

/. arcSC=2r^ = ^, 

4 3 

and .-. Ute two arcs BO and AD together=im 

Also the Brc{72>^|CF, since(7.Fi>i8arigJitaii^; 

-■. CD='^{AC-AF) 

=-{2r--J2r) 

Hence the drciunference of the oval— 3«t— — r^r ; 

•J2 

.; drcnmference— xr 13 —j. 

I 

r . AioOgic 
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^. To find Ae area of the ooai. 

The area will manifest]; be equal to fJie areu of ihe 
semidrcle AHB, the qnadnut CBF, and twice the area of 
the sector BAG, minut that of tfae triangle ABF. 

If, then, A represent the area, 

A^-EB'-i-- CF'+- AB'-EB' 

2 4-4 

24 4 

.-.^ = {»-(3-N'i)-i!r'. 
Hence, also, the area of the luniform figure 

^/'^G={J^(3-^/i)-I}r•. 

Yarions otlier formB of ovals may be constructed in & 
umilar manner, b; describiog a number of arcs of drclea 
so as to form a oontinnoas corre sjmmetric&I about the 
line OH, which is called the axis of the oval ; and their 
areas ma? in all cases be foond bj taking tbo difference 
between a series of circular arcs and a series of triangles. 

These curves are of great importance. The; are the 
forms given to the transverse sections of railway tunnels, 
large drains, and many other works. 

76. To find the area of am ellipte. 

Let AA' be the axis-n^jor of an ellipse, 3C the semi- 
axis-minor, AB'A' the semicircle on the axis-m^or as 
diameter. 

Throngh any two points JV, M, near t« each other, draw 
the ordinates NPP', MQQ' parallel to BG, and draw tie 
chords PQ and P'C. 
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Then the two rectilinear flgnres P3f, P'M are tnpe- 
zoidii ; and if A, A' represent their ureas, we have 

A_ NP+Mq 
A'"^'NP'+M<g- 




This will be true honerer small NM may be, bat, ulti- 
mately, when NM is diminished indefinitely, 



Mq^NP, KsAMQ=NP 
'., nltimatdy, 



iNP _ NP 
iNP'" NP'' 



Now It is a property of the ellipse that 

NP__CB _BC 
XP' CS AC' 



., ultimately, - 



~ AC 



Hence, in the semi-ellipse and in the semicircle, there 
can be inscribed the same number of rectilinear fignres 
which are ultimately to each other in tie ratio of BCia 
AG; therefore, by Lemma IV, the semi-ellipse and the 
semicircle, and tlierefore also the ellipse and ijie circle are 
to each other in this same ratio ; 

. area of ellipse _ BO 
area of circle~3(7* 
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U AC^a, BO^h, tlie BT«a of the circle will be ro*; 
/, area of eIIipBe=5ra"-=mit. 

Cob. 1. The area of any segment of the ellipse, cat off 
bj a line parallel to the minor axis, will be to the corre- 
sponding s^ment of Uie circle upon the miyor axis in the 
ratio of 6 ; a ; for there can be inscribed in the two b^- 
ments the same number of rectilinear figures nhich are 
ultimately to each other in this ratio. 

Cob. 2. In the same manner we may show that the 
area of the ellipse wlU be to the area of the circle on the 
minor axis in the ratio of a : 6 ; and that any segment of 
the ellipse, cut off by a line parallel ia the m^or axis, -will 
be to the corresponding a^ment of the circle on the miner 
axis in the ratio of a : &. 

In the proof we have used the trapexoidi PNMQ, 
P'NM^, but the same result may be obtAined from the 
paraiMogram* iuBcribed in the figures FNMQ, P'NMQf, 
unce these parallelograms are ultimately to each other in 
the ratio BC : AG, and their sums are ultimately the 
areas of tlte semi-ellipse and the semiturcle. 

76. To find the area of a segment of a parabola 
evioffby any straiyiU line. 

Let GAC be a segment of a parabola cut off by the 
straight line CC. Bisect CC in B, and draw BA pantllel 
to the axis of the parabola. Through A draw the tangent 
AD, which will be parallel to BC, and complete the pttral- 
lelognun ABCD. We shall show that the parabolic area 
ABC a equal to two-thirds of Uie parallelogram ABOJ>. 

In the carve AC take any two points P, Q, near to 
each other -, join Q/*, and produce it to meet BA pro- 
duced in T. Through P, Q draw Imes parallel to SC and 
AB, and complete the pandlelogram MS, as shown in the 
figure. 

Now since PMiaiA PS are complements about the 
diameter of the parallelogram MS, they are equal to each 
other, always, and therefore ultimately ; bul^ ultimate!;. 
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when Q moreB up to P, PT becomes the tangent ftt P, 
amAAT^AN (by a property of th« pitrabok): therefore, 
ultimately, the parallelogram PS la double of tJie para]- 
lelt^pram Pm, aud therefore also the parallelogram PM is 
nitimatoly doable of the pttrallelt^ram Pm. 




Hence, in the two cnrrilinear fignres ACB. ACD, 
tiiere can be iosoribed tlie same number of parallelograins 
wtiich are ultimately to each other in the ratio 2 : i', there- 
fore, I9 Lemnut IT, the cnrrilinear areas are to eadt other 
in this ratio, 

i.e. area .i«7£ is double of the area ^£7/>; 

and .-. area ACB ia - of the parallelogram ABCD. 

Similarly, area ACB is - of the parallelogram ABC. 

Hence the parabolic segment €AC' is -of the cir- 
conucribing parallelogram. 
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On. H«Dce 

area C^ C =1^-8 X CC X Bin ^SC 

= -AB X 2CK,-iI CK be perpen- 
dicular to AB. Thia ia tlie prt^Mrty which we raiiployed 
in Art 26. 

\>Kt. A Spiral in the name given to a carre traced bj 
a point which revolTeB round a fixed point, and always in- 
croasea, or always decreasea its dietuice from that prant, 
according to a given law. 

77. To find tAe length and area of tha ipirai 
ealltd Ae inoolvte of a regvian" polygon. 
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Let AB'C'iyE' be tt poriacm of a regular polygon, and 
suppose the extremity of a fine inestenuble string coiled 
round the polygon to reach to the point A. It the string 
be nncoiled, and always kept stretched, the extremity of 
it will manifestly trace a curre of the form ABCDB, &&, 
consisting of a series of eiretdar arc* AS, BC, CD, DE, 
fto^ the radii of which will be asthenmnberB i, 2, 3, 4, Ac, 
that of the least being the length of a side of tJie polygon. 

The cuTTO ABCDE, &c^ is called the invnluts of the 
polygon, and the polygon the evoluU of tMs curve. 

It will be a amtinuoiu curve, since any two consecntive 
arcs, as BG, CD, have a common tangent at (7, viz , the 
straight line which is perpendicular to CD'. 

(1). To find th« length of (A« involvU after the 
ttri/ng has been umeoiled from p coTueeu/iM aidet 
of the polygon. 

Let n be the number of sides of the polygon, a iha 
length of one side, <fi the exterior angle of the polygon, 
and therefore eqoal to the angle subtended at the centre 
by ftuy one side. 

Then AB^a^ BC=2a^, CD=ia^tK., 

:. A3+BC+CD+&c=a<l>+2a<l>+3a^ + &c.; 

.: length of the involute=a^(i + 2+3 + ...+p) 

=aiftf—^ -- — p(jn-i), since 1^=^ — . 

If the string make one complete revolution, p=n, and 
the length of the involute after one revolution (it the string, 
or the length of tixefiret convoluHon=Tra{n+i). 

AgaiJi, if the string make r revelations, p ^ m, 

.'. length of Aofirtt r convolutions =xar (m+ i), 

And, similarly, the length of Qiofirtt (r+ i) convolutioDS 

= jra(r+l) j(r+l)«+ili 
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and the difference of Qiero expressiona wOl mawfestl; be 
the length of the (r + i)"" conrohition ; 

.'. leqgthof the(r-t-i)*''oonTOluti(Hi 

From this general expreMion the lei^h of any conro- 
Intim ma; be found by making (r-t- 1) eqmd to the nomlwr 
of the conTointioD, 

TboB, length of firtt convolntions7ra(ni- 1), 

-teamd — «=«fltj»+i), 

third „.. =ira{$n-i-i), 



Cr+i)'^ ^■>r«^{2r+i)f.+ ii. 

The nun of these (r + 1) '(MnroldtitHiB 

=tra{n(i + 3+S4-.„ + 2r+i}+r+il 
=itii»{(r+i)»»+r+-i^ 

= .r«Cr+l)l(r+l).«+i|, 

which ia identical with the expresaon above for the length 
of the^r»* (r + i) convoliiQoDB. 

(2). To find the ana vndudtd between the involvie, 
the potion, and the hut posiiwn »J the Oring. 

This area will manifestlj be the mm of the dnmlar 
sectors AB'B, BC'C, CffD, Ao.j 

... Area-?^ + ^^*''^+^3?^+ +(!!??!* 

= ^li=+a»+3»+ +p«l 

= ",YP(i'+i)(3p+i), Art 67, 
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or, siace A = — > 

:. Area = ^p(p + i)(zp+i). 
If the Bbing make cme complete reTolntuHi, P=n; 
.'. areft awqit over by the string m ita^rd rerolnticHi 

=^ (ll+l}(2IH-l). 

Similarly, makiiigp=m, the area swept orer b; the 
string in the JirH r rerohitioiis 

=^r(r7i+i)C2rn + ii 

ud the area sw^ over in the^r*( (r+ 1) reTOlntiona 

=^(r+i)lCr+i)n-MH2(r+i)»+i!. 

The difference of these expressions is manifestl; the area 
swept over in the {r*- 1)"* revolution of the string, and 
thtrtfort the area nf ike curve deterged. If we denote 
this area by A,, , , 
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j*,= -g- {6(r-l)«(r-i» + « + i) + 3»»+3»+i}; 
and the difference, 

will be Ui« areft of tiie (r+ 1)*" convolation. 

B7 subtraction, we find 

Art.i—Ar = ra'n{2m+i). 

From this expreatioii we may find the areas of the 
snccesdve coDTolntiotu described, ci/ter thefirtt revolution 
cf the itring, by giving to r the values i, 2, 3, Ac 

If we give to r ali the Talaes i, 2, 3, &c. up to and 
indading r, aud add bother the resultii^ quantities, and 
also the area described in the^r«< rerolntion of the string, 
Uielr snm will be foond identical with the expression for 
Artt, ss it manifestly ooght to be. 

78. From the expressions of the precedii^ Art;icle for 
the length and area of the inTolnte of a regular polygon, 
we may find the length and area of the apinl called tfae 
ItiTolnte of the Circle, by supposing the number of sides of 
the polj^n to be indefinitely incmsed. 

For this purpose we most snbstitate for a its rshie in 
terms of n and the radius of the itueribed circle, and tta 
p its value in terms of n and the angle subtended at 
the centre by p sides of the polygon ; and then take tfae 
limits of these expressions when n is indefinitely increased. 

If r be the radius of the inscribed drele, and d the 
angle subtended at the centre by p mdes (f the polygtm,' 
these values will be 
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We shall, faowerer, g^ve an independent and simpler 
inTSBtigatiion for the Inrolute of the Circle in tbe nest 

It will be DtanifeBt that every polygon will have an 
inrolnt^ which will be a coDtinaous curre consisting of a 
series of circolar ares, whether the polygon have or have 
not re-Kitering angles. Thus, half the oval in Art. 74, will 
evidently be the involute of the portion IlEAFQ of an 
irregular polygon, having a re-entering angle at A. 

The length of the involute of any polygon may be found 
by taking the sum of the circular arcs of which it is 
composed ; and the area will be the sum of the circular 
sectors sw^t over by the string. 

79. To find ihe area and Unglh of llie involiUe of 
the circle. 



;\ 
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Dmr. If a fine inextetuible string, cdled round a ante. 
be unonled from H. aod tbe ttring be kept always 
Htretcfaed, its eitremitf will trace the spiral called the In- 
rolnte of the Cirde. 

Iiet ABCD be a portion of the involute of the circle 
ASULf, the extranit; of the atting lAen coiled upon the 
drde being at A. 

We ihall find an expreaaion for tlie area included be- 
tveco the invidate, the circle^ and DDf the last positian 
of the Btring. 

Let BfC\» tiro pointe in the inrolate near to ead 
other. I>raw BS, CC tangents to the drde intersecting 
in F, and join Off, OC; then the angle BFC ia equal to 
the angle B'OC; and from the nature of tie dure, 
Bff=«KAB', CC=«kAC'. 

Let a bo the radius of the circle, and 9 the drcolar 
mensare of the angle AOiy ; and suppose this angle to be 
divided into n equnl parts, of whidi ffOC is one, and 
AOB" the Srat r of these parts measured from OA, m> that 

ffOC'^-, AOB'=r-. 
n n 

Noir the sector BFC is ultimately a sector of a cirde, 
and its area is, ultimately, 

- BF* X drcnlar measure of BFC; 
• and BFC=B'OC'=-, 
.:, ttltiraatelf, area of sector BFC=- BF' - ; 
but, nltamately, vhen ^C^is indefinitely duninished, 
BF=BB'=Aff=AO>^<iM.<^ AOB'=ar^; 
:., ultimately, 

area of sector BFC = - o'r" — . 
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Hence the tma of the area* of all th« sectors which 
ultimately form the currilinear area 



H«ice the area of the curvilinear Ggore bounded by 
the inTolute, the drcle, and the straight line DD", is the 
limit of this espresBion when n is indefinitely increased ; 

.-. curvilinear area = -r- , Art 67, Cor. ' 

If we represent by S the length of the string nnwonnd, 

... a'$' S^ 

.'. cornlinear aT«=-^— ■■ £— , 

This fc»7nnla is readily applied, because the length R 
can easily be measured. 

If the string make one complete revolution, 6—2v, 
and R~2va; 

.'. area swept over by the string in the firtt revo- 
lution 



Similarly, the area ew^t over by the string in the 
first r revolutions 



and &e area sw^ over in the^rit (r+ 1) revolutions 

3 
and the difference of these will bo the area swept over by 
the string in the (r+i)"' revolution, and ther^ore the 
area qf the curve deieribed. Let^r+i denote this area, 
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SimUariy, if Ar denote the area of the fir»t r con- 
TolutionB, 

and Uie difference, Ar^.,~A,, will be tlie area of the 
(r-t- 1)*'' conTolDtion. Taking tiiia difference, ve find 



.'. area of (r+i)"' couTolQtiou=6r times the area of 
the^r«{ convolution. 

From thia eqoation the area of an; one conTolntion may 
bo fomid ; and the eipreBsion for A^^ , will give the area of 
the whole cmre. 

In the preceding investigation we have snppoeed the 
string to make an exact namber of revolutions. If we now 
fiuppoae it to describe an angle $ in addition to r com- 
plete revolntions, the whole angle described will be zrn- + $. 
Let ^ denote this angle, and let R^ denote the length of 
the string unwoond. Then the whole area swept over 



Now if the string make one more revolution, ^ will 
become 2n-+^ which we may represent by ^„ and the 
whole area swept over will be 



llvaae the difference, 
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ia the area of the onrro dewxibed wh«n the Btring has 
revolred through as angle 

The Iragtha £f and A^, are eanl; measured, and 
tfaeir difference will evidently be the circumference of the 



(2), To fmd the length of any portion of Ute tn- 

The estremity of the atring which traces the curve is. 
at the point B, faoving in a circle of which B" is the 
centre ; therefore, ultimately, BC is the arc of a circle the 

radios of which is BB", and therefore „p, or ---jj, is 

ultimately the circniar meaaore of the angle BFC, i. e. of 
the angle B'OC, 

therefore, ultimately, 'So' — ~' 
bat BB'^arcAS'^ar-; 

01 

therefore, ultimately, BC=ar — . 

Hence, the lengUi of the involute from A \a D ia 
the limit of — ^ (i + 2+3f ,„ + »), when n is iudefioitely 
increased; 

.-. length of the involute=—, or = — , if .R be the 
length of the string unwound. 

If the string make one complete revolntion, 9 - 2tt, and 

.*. length otjlrit convolution =27r«(i. 
Similarly, the length of the/r»( r convolutJons 

and the length of tiiefirtt {r+ 1) conrolntiona 
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= 23e(r+l)"<l; 
.■. tlie length of the (r+ 1)* conYolution 

= 2»»{(r+i)=-r=(o 



Prom this esprescdon the length of aoy one conTolatJon 
mi^ be found b; making (r+i) eqoal to the number of 
the convolution. 

Abo, if tiie string degcribe an ang^e in ftddition to an 
exact number of reToIutions, and if i^ represent the whole 
angle descrit)ed, and S^ Uie length of the string un- 

.", length of inTOlute=—^. 

80. To find the length and area of a cycloid. 

Dhv. If a circle roll upon a fixed straight line, bmj 
point in its circumference will trace a curre calliad a 
Cycloid. 




Let AQC be the generating drde, C tiie generadn^ 
point when in its highest position. 

If tiie circle roll 'npon tho line AB, the point C wSl 
toanifeatly trace a curve of the form represented by CPB, 
AB will be half the drcumferenoe of the generating cirde, 
and BPC will be half the cycloid, the other half being 
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Hymmetrically ritiuted on th« other side of the line AC. 
This line is cftlled the axis of the cycloid, the point C the 
vertex, and AB the base. 

Let NPC be the position of the genenttiiig circle 
when the point C has mored to P. 

Now, from tho mode of generating the curve, it will 
be manifeHt th&t the generating point, when at P, is 
moving in a circle about some point in PiV produced ; 
therefore the tangent at P will be at right angles to PS", 
and therefore in the direction of the chord PC. 

(1). To find tlu length of the are CP measwred 
frotn the vertex. 

Let P* be a point in the cycloid near to P. 

Draw PQ, P'ff parallel to A-B. Join AQ, CQ, and 
draw ^S parallel to CQ, intersecting AQ produced, in T; 
jmn Q'Q, mid produce it to meet AB in R, and with centre 
C describe the drcolar arc Q'n. 

Now PC, the tangent at P, is parallel to CQ, and, 
ultimately, when P' moves up to P, and therefore ^ to Q, 
PP'^Q'S. 

Bat, ultimately, when ^ moves up to Q, RQ! becomes 
the tangent to tiie circle at Q, and the i.RQA= i-RAQ; 
bat the lBQA= i.^QT,aDA.the lBAQ^lSQT, 

tharefore, ultimately, L€lfQT= i^SQT; 

also the angles QTS, QTQ' are equal, each being a right 
ai^e. 

Therefore the triangles QTS, QT^ are ultimately equi- 
angolar, and, since they have the side QT commtm, they 
are ultimately equal in all respects. 

Therefore, ultimately, Q'T=TS,fst Q'&'=2Q'Ti 

but, ultimately, &T=Qn=CQ-CQ',aai PP'=Q'£^ 

.:, ultimatelj, PP'=3lCQ~CQ^; 

K 

r AioOgic 
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in other word*, the arc CP increasoB linee at Jiut aa Uie 
chord CQ ; luid theso lines commeace together at tJie 
point C; therefore tho arc CIP will be doable of the 
chord (7^ 

Hence the lenfth of the setnicj^oid CB-2CA, and 
therefore the length of the cycloid is equal to four times 
the diameter of the generating circle. 

(2). To Jmd the area of a eydoid. 

In the figure join A^, aod draw P'N' parallel to it, 
intersecting PQ in K; produce PQ to meet A^ in k, 
and draw JVJT' parallel to N'P'; then the trianglefi PNK' 
QAk will be equal in all respects. 

Again, the triangles KPP", kSQ' are nltimatelj similar 
and equal to each other ; 

.'. ITP is ultimate]; equal tji kS ; 

but (fcC is oltinwtoly parallel to Qr, and ^'■5' ia ultimately 
double of Of T, and therefore kS is ultimately double of kQ. 

Hence KP is ultimately double of kQ, and therefore 
<a K'P; 

.: KK' 18 ultimately equal to K'P ; 

.'. tiie parallelogram KN ia ultimately double of the 
triangle PNK', and therefore of the triangle QM. 

Hence Uie trapeaoid KPNN' is ultimately three times 
the triangle Q.Ak. 

Henc^ itt the semicycloid and in tlie semicircle there 
can be inscribed the same number of rectilinear figures 
which are ultimately to each other in the ratio 3:1; and 
Hieir sumg are ultimately the areas of the semicycloid and 
the semicircle. Therefore, by Lemma it. Cor., 

area of semicycloid 3 

area of semicircle ~ i ' 

.-. area of ^doid=3 u«a of geimstiiig drde. 
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We maj now find tbe crattre of the circle which the 
generating point is describing wbcn at the point P ; for, 
amce £^K' = NN', PK is ultimately double of NN\ and 
therefore, when PP' is indefinitely diminished, PN, P'N' 
will intersect in a point in PN produced, the distaoce of 
which from P is zPN. 

It is round this point that the generaitiDg point is 
mtytn/ng in a cirde when at P. 

This cinJe Is called the "drcle of cuiratnre" at the 
point P, being the circle which coincides with the curve 
at that point more nearly than any other circle ; and its 
radios is called the " radius of duratore" at that point. 

Since P is any point in the cycloid, it will follow that 
all the radii of curratnre are bisected in the base AB ; 
therefore the radios ai carrature at the point C is zCA, 
imd at the point B, zero. Heoce it may easily he prored 
that the centres of the circles of cnrrattire all lie in an- 
other semicycloid which has its vertex at B, and its axis 
parallel to AC; and therefore every semicycloid is the ia- 
eolvte of an equal semicycloid in this position. 
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ABEAS ASD VOLUMES OF SOLIDS BOUNDED 
BY CUBVE SURFACES. 

81. To find the area of the smface, and the 
volwite, of a circular eyliTtder. 

Def. a drcuiar cylinder is the eolid generated bf 
the revolntion of a. rectangle about one of its sides which 
remiuiis fised: this line is called the axis of the cylinder. 
From Iiemmft n. Cor. 2, it will be mtLnifest that a circular 
cylinder in the limit of a right prism, the base of which is 
a regular poljgon, when the number of udes of the base 
is increased iudefinitelj, and the magnitude of each inde- 
finitely diminished • — ^the radins of the circle circumscribing 
the polygon remaining unaltered, and being the radios of 
the base of the cylinder. 

Now, by Art 12, the area of the lateral surface of s 
right prism is equal to the perimeter of the baae multi- 
plied by the altitude, and this will be true always, what- 
erer may bo the number of sides of the base, and there- 
fore true of the limit, L a of the cylinder, 

;, area of convex surface of cylinder 

= (circumference of base) x altitude. 
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-'. tareA of convex Bar&oe—2VTA, 
also area of eax^ end=irr> ; 
.'. area of whole sarface nf cylinder = 2nr (r + h). 
(2). To find the volume of the cylinder. 

Since tbe Toliune of the right prism, of trhich the cy- 
linder is the limit, is eqnal to the area of the base multi- 
pUed bj the altitude, (Art 38), b; the same reasoning ae 
before, this will be true of the cylinder ; 

.-. volume of cylinder = (area of base) x altitude. 

Now area of base = irT', and altitude = A, 

.■. Tolume of cylinder = ffr^A. 

82. To find the area of the tu/rface, and the 
volume, of any cylinder. 

Every cylinder may be considered the limit of a prisni, 
when the number of sides of the prism is increased in- 
definitely, and the breadth of each indefinitely diminished, 
— the perimeter of its tranaverae section r^nuning finite. 

Now, by Art. 1 j, the area of the lateral sarface of any 
prism is equal to the perimeter of its transverse sectJon 
multiplied by the length ; and, by Art 38, the volnme 
of any prism is equal to the area of the base multiplied 
by the altitude, or, to the area of the transverse section 
multiplied by tbe length ; and this being true always, will 
be true of the limit, and tjierefcire true <A the cylinder. 

.-. area of convex surfece of cylinder 

= (perimeter of transverse section) x length ; 

and volume of cylinder 

=(area of base) x altitude, 

or =(area of transverse Becti(»i)x length. 

Let .il be the area of the base, A the altitude, and I 
the length of the <7linder; p the perimeter and A' the 
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area of the tnmsveree section, iS the area of the convei 
surface, and F the volume ; 

.-.S^pl; V^Ah, or V-^A'l. 

83. To Jmd the volume of amy fnutum of a cir- 
cular cylinder. 

In Art 42, we proved that the volume of an? (hutvm 
of a regular priam is equal to the area of its traDSTerae 
section multiplied by the Iwgith of the axii. This is tme 
alirajB, whatever may be the number of sides of the 
prism, and therefore true of the limit, i.e. of the frustum 
uf a circular cyliiider. Thus, if r be the radius of the 
transverse section, I the length of the axis, 
,', volume =7rr'f. 

The leu^fa I can easily be found, for if A, , Ai be any 
two lengths of the solid, diametrically oppodte to each 
otJier, then 

2l=ki + ht. 

B4. To find lAe area of the aurfaee, and iJte volume. 
Iff a circular eone. 

Dev. a circular cone is the solid generated by the 
rerolntion of a right-angled triangle about one of the sides 
containing the right angle, which side remuns Sxed : this 
line is called the axis of the cone. From Lemma n. Cor. z, 
it will be manifest that a drcular cone is the limit ot a 
r^ulu- pyramid when the number of sides of the base is 
increased indefinitely, aud the magnitude of each inde- 
finitely diminished ; — the radius of the circle circumscrib- 
ing the base remaining unaltered, and being the radius of 
the base of the cone. 

Kow, by Art. 15, the area of the sloping surface of a 
regular pyramid is equal to half the perimeter ef the base 
multiplied by the sknt height, and, by reference to the 
figure t£ Art 15, It will be seen that the slant height of 
t£e i^rsmid is ultiinately equal to (he slant hn^t of the 
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Again, bj Art 39, the TOlnme of a pyramid is equal 
to one-tliird of the area of the baae multiplied b; the 
altitude. 



.-. area of convex Borface of cone 

- - (circnmferoace of base) x slant height ; 
and roliune of cone 

= - (area of base) x alUtnde. 



.■. area of conToi surface =-27rr»=wr«, 

and volume of cone=- vr'h. 

3 

It is Bometi|nes reqnired to find the snrf&ce and 
volume of a cone, in terms of tiie altitude and the vertical 
angle. 

Let a be the vertical anglo of the CMie ; 

.■. »=A3ec-, and r^Atan- : 

2 ' 2 

.: area of convex snrface^iA'sec -tan- , 

and volume of cono=-jrA' tan' - . 
3 2 

85. To find tA« volwme of any cone. 
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finHelf, and tbe mBgnitode of each indefinitely iliniiiiiiih«^^ 
— ^e perimeter of the base romainiug finite. 

Now, b; Art. 39, the volame of anj/ pyremid !s equal 
to oDe-tiurd of die area of the base multiplied by Uie al- 
titude, and this being true alnayg, will be tme of tbo 
limits ie., will be true of the cone ; 

.'. volume of any cone ~ - (area of base) x altitude. 

86. To jmd the area of the convex tur/ace of a 
frn^vm of a circular ame, made by a plane perpen- 
dieuiar to the aais. 



It. \ 



Let ABC be the base, and K the rertes of a circolar 
cone; and let the frustum ABC . DBF be cat off by a 
plane DEF perpendicular te the axis, and therefore pa- 
rallel to tiie base. 

Let ii=radinB of base of frnatum=^G, 
r=radiu8 of top of fru8tum=i>Zr, 
«=iilant height of fnurtom =AD, 
and I=alant height (tf cone cut off=2>£^ 



,oglc 
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Therefore area of conrez snr&ce of fnutiiiii 

= -<rR{t + :)—irrl 



Now, b; aimilar triaof^es AGK, DHK, 
R t+l . . R-r I 



Snbstitnfing this ralue of {R~r}t in the expresdon 
for the area, we have 

area of conyei Barface = JT {&+«)= jr» (^+ r). 

The cipresdoQ for the area of the convex sarface of 
ft cone, viz. rrg, may be written 



which shows that the surface of a cone ie equal to the area 
of a sector of a circle, the radius of which is equal to 
the slant he^ht of the cone, and the arc to the circum- 
fermce of its base. 
Also the exprcBBion, 

Trt{R+r] or -(2TrB+2Trr)>, 

shows that the surface of a frnstoin of a cone is equal to 
the sector of an annulus, the boundit^ arcs of which are 
the circumferences of the base and top of the frustum, and 
the distance between them its alaot height. See Art 72. 

87. To find the volume of a frustum of a dreidar 
cone, made by a, plane perpendicula/r to the axis. 

Making use of the figure of the preceding Article, let 
A, r be the radii of the base and top^ as before, 
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Volume of a Frustwm of any Cone. 
A=:altitDde of f rnatnm = G^, 
i);=altiiude of cone cat oS—HK, 
F^TOhime of fnistom; 



Now, bj rimilar triui^es AQK, DHK, 
B h+k 



: {B'-r')k=(Rr+r')h. 



88. We may algo find the volume of a Jruttam of 
any cone, made by a plane parallel to the bate. 

For this solid will manifestly be the linut of a, frnstiim 
of a pyramid, the expression for the volume of which ia 

V=^- {A,+ J{A^,)+A,), Art. 40, 

where h is the altitude of the fruBtum, and Aj, A, are 
the areas of the base and top ; and this expression bdsg 
true always will ba true in the limit, and will ther^im 
determine tlio volume of a frustum of any cone. 
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89. The formula obtained in Art. 87, for the fhuttun 
of a drcdar cone, will evidently be a particulnr case of 
the fonnnlit of Art. 40, and may be deduced from it by 
mpposing the two rimilar polygons which form the base 
and top of the frnstum to bo regular polygons, and to 
become drcles in the limit ; and the straight line joining 
their centres to be perpendicular to their planes. 

Let tiie radii of these circles be B itnd r, 
then Ax=irR', A,-vr', 

and JiJxA,)= J{7r'R'r') = TrRr. 

Making these snbslitutions in the formula 

r=\\Ar+J{A^A,)+A,\, 



r=^{R'+Rr-*-r'), 

whidi is identical with the expression in Art 87. 

M. To jiTtd the volvane of a ugmeni of a para- 
boloid of revolwlion, made by a plaiie perpetidieular to 
the aide. 




Let AC be an arc of a parabola, AS its ans, S its 
focns, and BC an ordinate perpendicular to the axis. 
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Divide AB into n equal parts, of which NM is one, 
and AX the first r of these pu^s measured from A. 
Through N, M draw NP, MQ parallel to £C, and draw 
i>if parallel to AB. 

Let AS^a, AB=h, BC=k; 

.: AN=r-, NM=^ . 

If the whole fignre rovolve round AB fixed, the parsr 
bolic area ABC will generate a Beginent of a paraboloid 
uf revolution; and the rectangle itP will generate a cy- 
linder, the volume of which will be 
ir.NP'.NM. 
Now, by a well-known property of the parabola, 
NP'^^AS.AN^^ar-; 



.-, Tolnme of cylinder generated by 3tP = 4Jrflr — . 

Hence the volnme of the segment of the paraboloid of 
revolution will be the limit of the expression 

4miA= ~ {1 + 2 + 3 + . .. + («-!)[, 

when n is indefinitely increased ; 

.-. Tolnme of paraboloid = - 4iraA' = zirwA'. 

This expression may be written 

— irh4ah, or - 'j:k' h, aiace k'—^ah ; 

.'. volume of paraboloid =- volume of circumscribing 
cylinder. 

91- To Jind the volufne of any frustum or zone 
of a paraboloid, coTtiained between tioo planes perp^i- 
dicu^ to the axie. 
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Let A, r be the radii of the two parallel ends of tho 
fmatum, k its tiiickiieaa, and F ita volume. Alao let A 
and Ai be the altitudes of the two aegmenta wlioae differ- 
ence is the friutum. 

Then F=2TraA' — am/A.' 

= 27ra(A'-Ai") 

= 3ffa(A+A,)(A-A,). 
Bnt Ji'-4ah, r'-^ah,, 

.: A+A, = — (iJ' + r'); 

alao A-A, =A. 

Bubetitutiiig these Talnes of (A+ A.) and (A— Ai) in the 
ex^wession for V, we obtain 

F=2wa ^- k {E' + r') = ~ k{It-+r'). 



92. To find the area of Ike tii/rface of a sphen, 
arid of any »egment or zone of a sphere. 





"x ^ 


1/4- 


^... 


/■\ 


\ 

'. 
\ 



Let PQ be one of the ridefi of a regnlar polygon in- 
scribed in a cirde of which ia the centre, and AB a 
tfuadrant* 
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Consbvct the square OG, tooching the cirde in tlio 
points B aDd A. 

Thnragh P, Q draw NPF", MQQ parallel to OB, and 
PR parallel to OA ; draw Op perpendicolar to PQ, (and 
therefore biBecting it injn), audpn parallel to OB. 

Now, if the whole figure revolTo round OA fixed, the 
quadrant will generate a hemisphere, and the square will 
generate its circum scribing cjtinder; also, the trapezoid 
MP will generate a frustum of a cone, and the pantl- 
lelf^ram MP" a cylinder. 

Now the surface generated by the chord PQ 
^jr.PQi_PN+Q3£) = 2ir.PQ.pn; 
and aie eur&oe generated by P'0'= 2ir. NP'. P"^ 
= 2Jr. NP'.PR; 

anrface generated by PQ _ PQ.pn _ 
"'■ Buriace generated by P'Q' ~ PR.NP' ' 



but the triangles QPR, Opn ar 


B similar, 


. PQ 


.Op. 


■ PR 


pn' 


, Burfece generated by PQ 



. _ Op 

' surface generated by P'Q' NP' ' 

Now, in the limit, when the number of sides of tte 
pol;^on is indefinitely iucreased. Op becomes the radhu 
<tf the circle, and equal to NP', 

... . , snr&co generated by PQ 

Hence, in the sphere and in the cylinder, there can be 
inscribed the same number of figures, tbe surfaces of whiidi 
are ultimately to each otiier in a ratio of equality ; 
.'. sur&ce of sphere= surface of circumscribing e^nder. 

Cob. 1. It will now be manifest that tbe snrl^oe of 
any segment or lone trf a sphere is equal to the surfaoe of 
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the corresponding segment or zone of the circnmBcribing 
cylinder ; (or, in any two corresponding s^menta or zones, 
there can be inscribed the same number of figures, the 
sarbces of which are altimatel; to each other in a ratio of 
eqnalitj. 

Cob. 2. If a be the radins of ^there, 2ira 2a will bo 
the sur&ce of the circumscribing cylinder, 
.*. sorface of sphere=4ira' 

=4 area of generating circle. 
Cob. 3. If A be the height of the segment generated 

h=AM=Ca', 
:. snrfeceof w^meat^zmiA. 

Cos. 4. If A be the thidmess of the zone generated 
by the arc PQ, 



93. To Jirnd tha voIutm of any segment of c 
sphere, and of a whole sphere. 



Let ASC be a semicircle, iiM centra and a its ladins. 
In AG take any point B, and draw SS peipendicnlar 
to^G 
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Let AS be divided into n equal parts, of nhidi NM 
is one, and AN the flrit r of these parta measnred from A. 

Through N. M draw NP, MQ. parallel to HS, and 
through P draw PR parallel ija AC, and join OP. 

Let AH-h, :. A3f=^, and AN^r ^. 

Now, if the whole figure revolve roond AG fixed, the 
semidrcle will generate a sphere ; and the rectangle MP 
will generate a cjlinder, tbe volume of which will be 
■K.SP'.NM. 
But NP>=OP' -ON'=AO' ~{AO~AN-f 
^AO'-AO' + 2AO.A2f~AN' 
^■zAO.AN-AN'; 

.: NP'^sar^-r-^^. 

.: volume of cylinder=jr — f 2ar -— r» -J I 

— 2)rfflA' ttA' — r. 

w" »' 

Hence the volome of the segment of the sphere gene- 
rated by the revolution of ASS round AS will be th« 
limit of the expresBioD 

27ra^{i + z + 3 + ... + (n-l)[ 



whm n is indefinitely increased. 
.'. Tohune of segment =—- , Art 67, Cor.; 

.'. volume of segment=n'A' la — ), 

^ , a.,<,ogic 
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CoK. 1. If h=a, the B^ment becomes a hemisphere; 
.'. Tolnme of hftmiaphere^ira' (a-—j = -Tra', 
.: volume of aphere^- jro^. 

This expression shows that the volume of a ^bere is 
ttoo-thirth of the valiuue of its circumsoibing cylinder. 

CoE. 2. To find the volame of taij lOne of a sphere it 
will be simpler to take the difference of two segments 
than to use a formula, except in the case of the middle 
Eone of the sphere, contained between two parallel planes 
equidistant from the centre- In this caaey if zA be the 
u of the zone, the roliune will be 

={|"'-'("-*)'(-^r)}- 

■. volumeof middlezone=ZTrA (a' 1. 



94. fVe may now find the potrmie qf a tph^ieal 
t/tsll, — or the gpaee induded betvxen two concentric 
«pher«t qf unequal radii. 






If A be the tJiicknsss of the shell, h=R—r, 
expression may be written 



146 Vohtme of a Sphere deduced from a Cone. 

(1). Bappow the thit^eMveiysmnll compared with the 
radius R; Uien -= ia nearly eijnal to niiitr, and we have, 
hppmiiaoAolj, 

(2). Suppose the thickness considernble, and nesrlf 
eqoal to R ; then -^ is rer; small, and we have, approii- 
nuttol;, 

Those approxlinations are often very useful. 

'We maj aUo find the volume of a »eetor of a spherical 
shell, bounded by any conical surface having its vertex at 
the common centre of the two spheres. 

The student will not find it difficult to prove tliat tho 
formula of Art. 41 will determine the volume of this BoEd. 

95. The jfolume qf a iphere may easily be Hedueed 
from that qfa cone, (ufollowi:^ 

It a cene and a hemisi^ere, of eqnal bases and alti- 
tudes, be placed with their axes parallel, and the ve^ 
tei. of the cone in the plane of the baae of the hemi- 
sphere ; and if the two soUdB, in this position, be cut by 
a plane perpendicular to their axes, the sum of the areas of 
the sections will be a eoTitlanl area. 



be TZ', and that of the hemisphere 'n-(a' —a'), (a being the 
radins]^ and the sum of these is ira', a constant area. 

Hence the cone and hemisphere together are eqnal in 
volume to a cfftinder, of which Tra' is the area of the base, 
and^ the altitude^ Uiat is, to the cylinder whidi circum- 
scribes the hemisphere. Now the cone is one-third of this 
i^linder, therefore the hemisphere is two-thirdt of the 
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Hence & sphere is - of its circnmBcriblng cy lindcir. 

A sphere xdaj also be considered the limit of an inscribed 
polyhedron, when the unmber of ddea is increased iudefi- 
nit^j ; from nhich it will bo eaaj to show that the Yolnme 

t£ a sphere — - (srea of anrface) x radins. 

Hence a sphere is equal in volume to a cone, the base of 
whidi is a great eird» of the sphere, and the altitude twice 
the sphere's diameter. 

96. To fijid the volvmes of the prolate and oMate 
spheroids, their legmeTUs and zones. 

If an ellipse rerolve roond its axis-m^'or it will gene- 
rate a solid of revolution called a prolate ipheroid, and 
if it revolve roand its axis^ninor it will generate a solid 
called an oblate spheroid. 

B7 a method anologons to that of Art. 75, the student 
wHl find 00 difficult; io proving that 

volume of prolate apfeemid _ 6' 
volume of sphere on ax)s-m%]or ~ a* ' 
where a and h are the semi-axes ni^or and minor of the 
ellipse ; and also that this ratio is true cf any two coi^ 
reqwnding s^^ments, or cones, of the Sf^eroid and sphere. 

Now volume of sphere on axi8-m^or=- mi', 

.-. voluiueof prolatespheroid= ■ jni6'. 
Also, voltuue of segmMit of spheroid 

A being the height of the a^ment. 

And volume of middle zone of spheroid 

"'^'(«-?). ■ 

2k bdng the thickness of the sone. 
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The corresponding expressiona for the oblate qiliwoid 
iriUbe— 

Tohime of oblate spheroid^- va' 6; 

Tolnme of g^meDt of Bpheroid^aA' rj I ^~T I ' 

a' / k'\ 
Tolmne of middle sone of Bpher(nd=2x rj * V^'~TJ' 

97, Tajmd the volv/me of an dlipmid. 

An ellipsoid is generated in the following manner:— 




Let APB, AQC be two elliptic quadrants bavii^ » 
common semi-axis-migor AO, and their planes perpaidi- 
cnlar to each other. Suppose the centre of a TRritble 
dlipse to more along AO with its plane alwajH perpeodi- 
cnlar to AO, and its verticea always in the curves AFS, 
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AQC. The snrfikce generated bj this TuiaUe ellipae is 
called an ellipsoid, of which ABC. represents an octant. 

Let AS'C. be an octant of the sphere, on the m^or 
axis of the ellipsoid as diameter, contained between the 
same three planes AOB, BOG, COA. 

Let OA^a, OB=b, OC=c; a being the greatest, and 
c the least (^ tiieao. 

We shall prove that the rolume of the ellipsoid is 
equal to 



Through any point A", in AO, draw a plane perpendi- 
calar to .^0 intersecting the ellipsoid in the ellipse ofi 
which PQ is a qnadrant, and the sphere in the circle of 
wMch P'Q^ is a quadrant : and suppose a parallel plane 
to pass through a point N', near to M, and the two in- 
icHbed cylinders on these elliptic and circular bases to be 

c cylinder _ w.NP.NQ . NN^ 



" volume of circular cylinder ir.NP''.NN' 






NP _qB NQ _qG 
NP'" OA' N^ OA' 



Tolnme of elliptic cylinder _ OB.OC _ fc 
' ' Tolnme of circular cylinder OA' a' ' 

Hence, in the ellipsoid and in the sphere, there can be 
inscribed the same number of cylinders, the rdomes of 
which are to each oAer always, and therefore ultimately, 

in the raUo -^ ; and their sunns are ultimately the Tolnmes 

of tiie ellipsoid and sphere. 
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Therefore, hj Lemma IT, 

TolmDe of ellipsdd _ be 
volume of sphere a' ' 

Now Tolnrne of sphere = - jra' ; 

.', Tolnme of eIIipsoid= - wa" ^—- jivbe. 



Cob. 1. It ^11 be manifeat tliat an; Begment, or zone, 
of the ellipsoid, made b? a plane or planes perpeadicular to 
AO, will have to the coireeponding aegmont, or nme, of the 
Bjiiere the ratio be -.a". 

OoR. 2. The ellipsoid inclndea the two spheroids and 
the sphere as particidar cases. Thus, if b— e, the ellipsoid 
becomes a prolate spheroid, (all sections perpendicular 

to OA being circles), and its yoliune=- irafi'. Ifft^o, 
the solid becomes an oUate spheroid, (all sections perpen- 
dicular to OC being circles), and its voltuie— - xa'c. If 
b=e=a, Uie ellipsoid becomes a sphere^ and its Tolune 



These results agree with those alreadj obtuned for Uie 
spheroids and sphere 

Id the same manner we maj prove Uiat the ellipsoid is 
to the sphere of which OCie the radins, as 06 : e' ; and to 
the q^ere of urtdch OB is radios, as oe ; 6'. 

9S. To find the voluiae qf a ctrctdar rtTtg, and 
the area of its iwrfaix. 

This solid is generated b; the revolution of a drde 
about a straight line in its plime, but which does not meet 
ii This line is called the axis of the ring. 

Let AB, AfB" represent the edge of the generating 
drcle in two positions very near to each other ; and O the 
intersection of the axis with the plane of the paper. £i- 
aect AB and A'B" in G and C respectivel;, and Join CCf, 
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Then, ultimately, when the aa^e COC is indefinitelr 
diminished, CO' wiU become perpendicular to AS, and 




the portion of the ring hetween AB and A'ff will become 
a cylinder of which the generating circle will be the baee, 
and CC the altitude. 
' Let ii he the meHi radius of the ring- OC, 

r the radius of the transverse section =AC, 

and — the circular measure of the angle COC, so that 
the solid between AB and A'B" will be the n*^ part of tJie 
ling- 
Then, ultjmatdy, 
volume between AB &ad A'B'=vr' 2B laa-. 



,'. TOlomeof ring=« 2irr'.B sin -, 
1 is indefinitely increased, 

ie. Toliuaeof ring = limit of 2w'r'B — 
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and DDce tlie limit of - 



.*. Tolnmaof rii^=2ir»r'A 

We may write thii formala thus : V— irr' x zttS, Trbidi 
ibowB that t/ie vohtme of the ring it eqtial to the area qf 
the generating circle midliplied by the Ung(h nf the path 
deieribed by itt estitre; and it will be manifest that this 
result is true for any segment of tlie ring, the boonding 
tdanes of which pass throngh the axis. Thos, if ^ be the 
dnmlar meamre of the angle sabtended at the centre of 
the ring by any s^ment of it, the volume of this s^ment 
wiUbe 

The student will now easily prove that the volnme of 
the solid generated by the motion of a drcle, the centre of 
which moTes alot^ any etmUntiovt cnrve, with its {Jane 
aluxqff perpendicular to the tangent, will be fonnd by 
mnltiplying the area of the g^ierating drcle by the length 
of the path described by its centre. 

Cor. The same formula which we hare proved fat 
the volume of a drcular ring when the section is a cjrde, 
will also determine the volume of a drcolar ring, the trans- 
verse section of which is an ellipse, supposing one of the 
axes of the ellipse to be perpmdiddar to the plane qfite 
motion. Tlieformiilawillalsodet«rminethevohimeofaring 
generated by the revolution of any closed curve, provided 
the curve be ^mmetrical about a line through C, perpen- 
dicular to tlie plane of motion. 

TAtf arm qf the eur/aee qf the ring may oLwo ie 
Jbtmd in a rimilar manner. 

For tiie area of the surfiice of the ultimate cylinder 
ASffA' 

= axr X CC'= zwr 2fi ain - ; 

r ...0, Google 
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.'. areaof sur&ceof riiig=4nxilr sin — , nltimatelj, 

= ^tr'Rr - I , nltimatcly ; 

.■. araaof sni&ceof ring =4ir'Ar=3irr X2XA, 

Hence the area of the aar&ce of the ring is equal to 
the circumference of the generating drcle, mottti^ed by 
the length of the path described b; its centre. 

This result nill also be true for the surface of any solid 
generated as before explained. 

99. To find the volvme of a spiral firing, the 
trangveru tectum of tehieh is a oirele. 

This solid nu^ be generated bjr tho motion of a circle, 
tbe centre of which moTes along the curve called the 
Helix, with its plane always perpendicular to the tangent. 

Hence, by the last Art, the volume will be found by 
mnltiplying the area of the generating ordo by the length 
of the helix. 

Now the helix is the cnrre traced upon tho surface 
of a drcular cylinder by a point, the direction of whose 
motion makes a etmttatU angle with the generating line 
of the cylinder. 

Let a be tiiis .constant angle, r the radius of the cy- 
linder, and 6 the horixontai angle described by the gene- 
rating point in rising vertieaily through the distauoe A 
it will easily be seen that 

A 
;^=«>ta, 

and .'. A=r0cota. 
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Sow tbo length of tiw hd j ducribed will maoifflstir 
be 

A and r& being the two sidea of a righb-Bn^ed triangle, 

the hjpothenaae of which is the length of the curra 

.-. length ofhelix= ^i/-"tf"oot'a+r'6') 

= r9 J(_i+cot'a) 



Hence the volame of the corresponding portion of Uie 
spiral spring will be 

ira'rdeoaeoa, 
a being the radius of the generating drde. 

Again, since r6—htxaa, 

this exproaaion becomes 

jM A coseca, tana= . 

Hence the Tolume will be known when we know a and 
a, and the vertical height h, of the spring. This quantitj 
A is easily measured. 

We may also obtain an eas; formula for the volume of 
the spring, when we know the area of its section, made bj 
a' plane perpendicular to the axis of the cylinder. 

Lot A be this area ; then, b; the relation proved in Art. 
38, Cor. 2, extended to curvilinear areas. 



Hence, bj snbstitntion, we hare 

volume itf spring =Ah, 

The seclion, of which A is the area, will be an ellipse, 
and 2a will be its minor axis : when the m^jor axia can be 
meatured, the area can at once be funnd. 
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OoB. The volume of one complete coO of the sprinff 
will be foond by making 0=zr, and .'. A=3irrcota; 
.'. Tolnme of complete coil =2ir'a'rco8eca, 



Altc^ if A' be the vertical distance between two sooceedve 
coila, or tlinr distance pualld to the axis of the cylinder ; 

,". Toloiiie of complete coil = , 

■^ coaa 

The BiHral q>ring is a solid of great importance in its 
practical applications. 

£z. A spiral spring ctmmsts of 9 complete coils ; its 
Tortical hei^t is 17 inches, the diameter of its transTerse 
section I inch, and the mean radius of the spiral 8 inches ; 
and the solid is bounded by two horisontal planes : find its 
Ttdnma 

It will be obvioos that the volume will be the same as 
if the solid were boonded by two parallel planes perpendi- 
cular to the tangents at the extremities of tlie belis de- 
scribed by the centre of the generating circle. 

Therefore the fbrmola 

__jro'A 











Hers 


A= 


.7, — ;, 


.•. va' 


4"' 


•.78J4; 






0..a-- 


A 


17 
72ir' 





Hence r—i7>ta7854xi3.34=i74.os9 cubic inches. 
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CHAPTER IX. 



THE " PRISMOIDAL FOEMULA, AND ITS 
APPLICATIONS. 



100. In Chapter V., Art. 46-^9, we inTestigatod tiie 
" Frismoid»] FonDuI&" for detenniiiing the vohunee <rf' 
cartEun Bolids, bounded b; jdane rectilinear fignrea. The 
formulB, it will be remembered, is as follows : — 

where r is tiie Totnme of the solid, I ita length, A,, A, 
tJie areas of the two parallel ends, and A the area of the 
mean section,— or section midwa; between the ends and 
parallel to them. 

In the present Article, we propose to show tJiat tJiis 
formnla is sufficient to determine the Tolnmes of all solids 
which are contained between two parallel planes, and whidi 
have this property :^that the area of any section, pandlel 
to these planes, can be expressed bj a rational integral 
algebraical fiinctJon, of a decree not higher than the third, 
of its distance from either of tJieae bomiding planes ; or if 
Am be the area of a section at a diatanoe x from one end 
of the solid, then 

Am^A'-\-Bx+Cx'+Dx', 

where A', B,C,D are constant for Uie same solid. 

These codBdents maj be eitliH' poatara or n^atire, M>d 
an J onc^ two, or three of tbem mqr be i«ro. 
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Let ACDJB he a solid contamed between two parallel 
planes AB and CD; and let JSF be an; straight line 
perpendicular to these planee. 



^ 


I 
l 


\ ! 

1 i 


I 


1 ^ 


! \ 



Ta^e any point JV in EF, and throDgh it draw a plane 
ff/TpeTpendlcakr to BF. Let EN=x, and let A^ bo the 
area of tho section GH. Then, if the solid have the 
property which we haTo stated, 

A^=A'+Bx + Gx' + Dx^. 

Divide EF into n equal parts, and let EN be the first 
r of these parts, and NN' one of them. 

Then, if EF=h, NN'^-, and EN^r-. 

Tfaroi^h N' di*w a plane [nrallel to QH, and com- 
plete the cylindrical stdid QHH'G', as shown in tho 

The volume of this solid is 

A,xNN'={A' + Bx-i-Cx'+Dx')-, 

or Yamio=(A'+Br-+Gr^ -+Dr^ ^!) - , 

h 
smco x — r~; 
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158 General Proof of the 



Henc« the gam of the Tolnmea of aU tiie inscribed 
cylindrical solids vrill be expressed bjr 



and the volmne of the proposed solid will be tiie limit 
of this expression when n is indeflnitelj increased. 

Now the limit of — (i + i + i + ...tontemis)=i ; 

tbe limit of —(1 + 2 + 3 + +")=-, 

the limit of \{i' + 2^+y+ +m»)=-, 

and the limit of -j(i' + 2'+3^+ +«')=-, 

as proved in Art 67. 

Hence, b; snbstitnting these limiting Talues, we "Main 

Volume of soM=-4'A+-S -+(7— +i> — : 
23 4 

and therefore, if r be the volume, 

6r=6A'h+3Bh'+2Ch' -i-^ Dh\ 

Now At is tbe yaiaeot A'+Bx+Cifl+Dx' when jBko, 
Ai its valne when *=A, and A its valne when x- - ; 
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A,=A'+Bh+Ch'+I}h* ; 

2 4 B 

or 4A =4^'4-2flA+CA»+ - Z)A'. 

Adding together these tdIusb of A,,Ai, and ^A, wo 
have 

A,+A^-t-4A^6A'+3Bh+i(^'+^m'; 
.■.A{A^+A^+4A)-6A'h+3Bh'+2C^'+^ J>h*. 

Bnt the right-hand member ia identical with the ex- 
pression ftlready found for 6V; 

.-. 6r^.h(,Ax+A,+4A). 

Kemark. The Btodent shonld observe that since 

A'+Bx+Cai' + Dir^ 

represents an area, each of its terms must represent an 

area, and most therefore be a quantity of two dimentiom. 

Now X represents a line, and is therefore of <me 
dimension. Hence the dimensions of ^' are turn, of B one, 
of C zero, and of D minu» one; i.e. A' represents an 
area, B a Una, G a number, and D a qnantity of the 

form - where a represents a line. Attention to these con- 
siderations will frequentlj detect errors, and sometimes 
prevent them. 

101. In this and tJie foUovring Article we shall examine 
some of the more important solids to which the Pris- 
moidal Formula la applicable for the determination of 
th^ Tolomes. 

The general expresuon for A^, the area of a trans- 
vene section at a distance « from one end of the solid, 
being 

A'+Bx+Cx'+Dx^, 
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there witi be aa man; posuble VBrietieH as there »ra com- 
binatioiu of four things taken one, two, thrm, and /<mr 
togetiier; i.e. tho^willbe 2* — i, or ij varieties. 

Corresponding to each of those there will be at leatt 
one lolid qf ree<Aution, generated bj the dure whose 
equation is, in Uie general case, 

Try» = J' + fijf+ Ci' + iJi' ; 
(br, if «, y be the coordinates of an; point in the cnrre, 
y being the roToMng ordinate of any point, try will be 
tiie area of the section at distance x from one end of the 
scdid, — supposing ir to be measnred from that end. 

We shall examine, first, the simpler cases of the solids 
of revolntion, and aftfirwards, those solids which require 
a different mode of generation. 

(1). Let iry^-A'; :. y is constant, and'the solid is 
a circular cylinder. 

(2). Let ■iry=Bx; .: jftcx, and the solid is a para- 
boloid of revolution ; for, in a parabola, the sqaare of the 
ordinate varies as the abscissa. 

(3). Let irff'-Cx'; .'. yc x, and the solid is aright 
drcular cone; fbr, in a straight line, which, by its revo- 
lotion round another straight line, generates a cone, the 
ordinate varies as the abscissa. 

(4). Lot 7ry»=Z'x'; .'. ya: x^, and the solid is a 
semi-cubical paraboloid of rovolntion, or the solid geoe- 
rated by the revolatiou round the axis of :e of the curve 
called the semi-cubioal parabola; for, in this carve, the 
square of the ordinate vanes as the cube of the abscissa. 

The student will find no difficulty in tradng the foma of 
this curve, which consists of two branches symmetrical 
about the axis of x, and convex to it, instead of being 
concave to that axis as in the common parabok. The two 
branches terminate in a eutp at the origin. 

(5). Let w^^.^'+S*; .-. ytc (A +a!), where A is con- 
stant, and the solid will be a /nutum of a paraboloid of 
revolution, A bemg the length of the B^:ment cat o£ 
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(6). Let Ty*=A'+Gfi sappodng A' and C pod- 
tiTe^ ttiia wiU be the equation to * hyperbola, the Dunor 
axis being the Kxia of x, and the centre the origin; or, 
to its ooDJngate hyperbola, wlien the nuyor axis is the axis 

For, in the flnt caK, if ;e, p be the coordinates (^ any 
pcnnt in t^e hypezhola, and a, 6 ita semi-azes, 



Comparing this wUh tiie given eqnaldon 
A' C 

we see tiiat A' and C are pomtiTe, and ;> i. 
For tiie coqjngate bypwbola, the equation wiU be 

ja=fr> + — aa, 

and therefrae, in this case. A' and C are poritive, — -c i . 

Eence the solid will be that generated by the revola- 
tiou of a hyperbola round its minor axis when f7 is > t, 
or, by the rerolation of its ooqjugate round its n^jor 
axis when (7 < it. These solids may be called oblate hyper^ 
boloids. 

(7). Let vy=A'+Dx'. In this case the solid ia 
generated by the revolution tS a curve, somewhat similar 
in tana to the semi-cubical parabola, round a line parallel 
to the axis of :b, and at a constant distance from it 

(B). Let ttV'-Bx+CX'. In this case the solid imj 
be a qibere, a prolate st^eavid, an oblate qpheroid, a hy- 
perboloid oS revolnldoD, or its conjugate byperboloid. 
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For Uie sphere and Bpfaeroids B will be pomtiTe uid 
C neg&tive ; and for the tkjperboloid £ and G will boUi 

be positive. Also, for Uie sphere ~>-i, for the prolate 

Epheroid and tiie h^ierboloid — <^ i, and for the oblate 

qtheroid and the coiyngate h;perbol<^d — >- i. 

Thna, in the figure of Art 93, we ft&ve, for the sphere, 

NP'=2A0.AN-AN'; 

and putting x, p for AN, NP, and a for the radios of the 
circle, this becomes 

Compariiig this equation witii the given eqnatdon 

_B C 

''~w *■ ' 

we see that B is positire and C neg&tJTe, and - ^ i. 

Again, in the flgore of Art. 75, we have, for the prolate 

spheroid, 



or, putting «, y for A'N, NP, y* for NP', and a, b for 
the semi-axes of the ellipse, 

And, comparing tJiis equation wiUi the given equa- 
tion, we see that ^i» positive and f^n^fative, and --e i. 
For the oblate spheroid, we shall have 
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tnd therefore B wQl be pogitive and C n^atire, in thU 
case, and — > i. 

For tlie hTperboloidB the only difference will be that 
the coeffident of ir' m the last two equations will be posi- 
ti*e bstead of negative. This will malie G positive as well 
as B ; and tho solid will be a hjperboloid wF revolution or 

its coiyugate hjperboloid, acooniiiig as — is < or > i ; and 
a rectangular bfperboloid when ~ - 1. 

(9). hetwy=A'+Bx+C3f. In this case the solid will 
be x/rutlum of a dreolar cone, or of Uie sphere, spheroids, 
orhTperboloids of revolution, made by pianos perpendicular 
to Uieaxls. 

In the frustum of the cone A', 5, C are all positive. 
The other solids will be distinguished, as in the last case, 
bf tho values and signs of the constants B and C. 

(10). Let try^A'+Bx-t-Cx'+Dx^. Inthiscase the 
solid is a fruitum. of a semi-cubical paraboloid of rovolu- 
tjon. For, if 2 be the distance of the section from the 
smaller end of the firostnm, and h the length of the seg- 
ment cut o£ 

-•, wv" if qflhsfurm A'+Rr+Cx'+Dx'. 

We have now examined ten of the fifteen possible 
varieties of the general expression for the area of the 
section when the solid is one of revolution ; the other five 
belong to solids generated by curves too complex to be 
diflcnwed with advantage in this Treatise. 

lOS. We shall now examine some of the solids to 
which tlie Prismoidal Formula is applicable, but which are 
not solids of revolotitm. 

(1). Let^ir=^'. In this case all the transverse sec- 
tions are constant This is the property of all prigms, 
and t^Unders 1 also, of all solids formed by tiie twitting 
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rf inisnB and cftiiidBn, nf^Mwii^ tbe twuting to Im 
miifbfm tbrongbont the Iwgth of the Mlid. Por exam[de, 
tbe gqaare-threaded screw. Hie rifled barrel of a ^rm, and 
the twuted ctdnmns MmBlimw seoQ in Gothic Architectore. 

(2). Let Ar-Bx. This ia a |irm»erty <tf tbe dliptac 
paralxdind, or the solid gramated bj tite motion if a 
TariaUe ellipae, tbe axes of which are the double ordinates 
of two parabolas whidi have a comiiMm axis and a commcHi 
vertex, tJte pfame tit the dUpee bong atwajs peipeodicnlar 
to this axis ; for, in thia solid, die am of tbe section at 
distance x from the vertex wHI be xyy', where j/ and gr' an 
tiie wdinates of the two panbcria^ and sinoe both y and 
y^ varj as j^ .-. «]iy' varies as it. 

Thna, in tbe figure of Art 97, if we siqtpose AB and 
AV to be paraboia* which have a common veriiex A, and 
a ownmmi axis AO, and PNQ to be a quadrant of the 
generating eUipse, JVP> and NQ- will both vary as AN, 
andthetrfore Tr.NP.NQmilnrj oaAN. 

(3). ljfAAi=Cx'. Thia is a property of aD pyramids 
and Gonee, whaterer ma; be their bases. In the forma-, 
all parallel transverse sections are similar rectilinear 
figures, and in the latter, umilar cnrviliuear fignres ; and, in 
ewdi case, tbe area varies as tJie sqoare of its distance fpaa 
the vertex. 

(4). Let A.= DxK The solid, in this case, irill be an 
elliptic semi-cntucal paraboloid This m^ eatdl; be seen 
by BabstitatJng semi-cabical parabolas (or the common 
parabolas in (2). 

(9). Let A,=A'+Bx. This ia manifestly a pn^ierly 
qS a fnutmn of an dliptxo parabtdtnd, as may be seen 
l^ comparing it vritb (2). 

(6). Let ^,— jI'+Gc Tfaiais a property of a ^nnn, s 
simple case of which ia the square groin Been in tbe vsnH» 
cf large boildingL 

This solid may be generated by a variable squaw, 
irtikh moves, parallel to itaeU; with the middle points of 
two opposite sides always in a Bemidrcle, the plane of 
which is perpendicular to that of the square. 



,Ogk' 
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If a be the T«diDB of the semidTcle, y Ok length ot 
a ride of tiie aqnare when at a distanoe x from the oeDtre 
of the eemicirde ; 

-■■ y'=4(«'-a'*)- 
Hence, in this solid, G will be negative ; and A' will 
represent Uie area of the baae. 

(7). Let A.^Bx+Cx'. 

This is a property of the ellipsoid, and of the eUiptJc 
hyperboloid. 

If we refer to the figure of Art 97, in which AB, AC 
are ^pMB, and PNQ a quadrant of the variable eUipse 
irtdch gmier&tes the ellipsoid, we have, for the area of 
thiadlipse, v.NP. NQ. 

Li^OA=a,OB=b,OC=e,AIf=x, NP=v, NQ^^^; 
-■.y' = —{iax-a?'), v'"=^(2a«-*')[ 
.■. area of section = -rW- ^ zi {"^ax—af). 

Hence, for the ellipsoid, B is positive and C n^^ve. 

Fra- the elliptic hfperboidd, the eqoatitms wiU be 
y* = — {lax+x'), j('" = — (aor+j!"); 

.*. «yy'=ir--^{2(«! + ar"). 

Hence, for thia u^d, in which AB, AC are hyperbolas, 
B and C are both positive. 

(8). ItetiA^-A'+Bx+CaP. This is a property of a 
prismoid -, and of any frHBtiun of a pynunid or cone, whatever 
ma; be the base: also, of any frustum of an ellipsoid, or 
elliptic hyperbolmd, made by planes perpendicolar to the 
axis of the hyperboloid, or to auy one of the three axes of 
the ellipscsd. For the prinnoid this will appear from the 
fig. aa page 78, if we suppose KLMN to be a sectlou at 
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diatance x (OE) fh)m the inudler end ; for then OPNK 
M ft const&nt area, th« area of OP VU T&iiea as x, and 
tbose of UOL, VPM vary aa x'. 

¥ar the other aolidH, if ;c be the distance of the section 
from one end of the IVartnm, and A the length of tte 
segment cat o^ A^ will vary at [h+xy in the pjramids 
knd coaes, and as 

iP{h-t.x)+Q{h+xn 

in the ellipBoid, and elliptic hjperboloid, P and Q bung 



.'. Jt aa^ be expressed, in all these cases, I7 

A'+Bx+Gif. 

For the prismoid, pTramids, and cones. A', B, f7are all 
po8iti*e.' fbr the ellipsoid B is poritire and C uegnUve; 
and for the elliptic hjperboloid, B and C are both poutiTe. 

103. There are also man; other solids to which the 
Frismoidal Formula is applicable. In any case which 
may oticiir, it is only ueceasary to determine whether the 
parallel eoctions can be expressed by 

A'+Bx + Cx^+Dx', 
n which 2 is the distance of the section from one md of 
the solid, and A', B, C, D constants which may be positiTe 
or negatiTO, and any one, two, or three of them may be 



A-,=A'-^-Bh^Ch^^Dh*, 

Bndbyaab8titutaiigtheBeTalaeBc^.^,,.^,,and4j4in the 
fDiiDala 

we obtain the volume tf the BoUd. 
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104. Bximides to Olmtnta Om Priami^dal FonHih. 
Rz.1. TofindtheTohime t^kipbera. 
Let a be tbe r»^iis (^ tiie qthora ; 

.■, h—ta, Aj=o, Ai=o, 4J=4«ti*; 



Ex. 2. Tofind tbeTcdameofuiaUipadd. 
i^a,h, ebe the Utree eenii-axeB,a the greatest; 
:.k~2a, A^-o, A3-0, 4^=4riic; 
.■. 6 F= 2041*6 = 8ira6c; 

.-. F=*rt6e. 
3 

Ex. 3. A Bcgment of a paraboloid being cnt off bjr 
a plane perpeadicnlar to the axis, it ia required to bisect 
it b7 a parallel plane. 

Let A be the height of the R^^ment, k the radios oS 
ite base, and a the labu-Tectum of the generating |iara- 
bola. 

Then in the fbrmnla 

.^1=0, ^i— n-it> — ToA, 4^ — 4mt-; 

.*. 6F'=TfA(aA+2oA)=3m»A». 

ffimilaii;, if « be the height, and V the volome, of the 
sogwent cut off bj die bisecting plane, 

but V=2V', .: 3»aA'=&r(Wj 

A 

.•. A»=2jr», and .■.«=— T=. 

Hence, if a square be constructed on A ai diagonal, a 
will be the length of one side. 
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Ex. 4. A epherical «Kte is 4 feet thick, ud Qx 
diameters of ita opposite laces are iz and S feet ; find the 
Tolume. 

Let y be the radius of the mean seddon, x its distance 
ttota the eentre of the sphere from which the zone b cat, 
and r the radios of the sphere. 

Then j(,=5r4% j1,=t6", 4^=4wV", andA-4; 
.-. 6F=4«(4.'+6»+4V); 
and we hare to find tf\ 

Now, by the geometiy of (be sphere^ 
y = r'~0'; 6» = r»-Cie-2)»; 4* = r*-(ar+2)»; 
.-. y»— 6»=(*— 2)'— aJ""" — 2(2*— 2)=— +5 + 4; 
and >«-4'=(*+2)'-*'=2(m' + 2)=4*++; 

.*. 2y"-36-i6=8, or y"=3a 
Howe 6F=4T (16+36+120); 

^ 344,^344 ^3SSfo. 

3 3 U3 

.'. rohmie of BH)e=36o cubic feet 33 cubic inches. 

Bz. 5. To divide a prolate Ceroid into tJiree equal 
ports bf planes perpendicolar to the axis. 

It is obrious that these phmes will be eqmdlBtant from 
the cenb>e, one on either side of it. Let x be this distance, 
and let <]^ & be the semi^zes of the generatii^ ellipBe, 
and rthe volome of the middle aoae intercepted betweai 
Qie outting idaues. 

Then the area of the sectdm made l^ either ^ane 
will be 

'I {«--«■), 

.: A,=Aa=r--(ai'-a'); and 4^s4sA>: 
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we obtain 

6F=2x iiv — {<p-x')+ ^■ttb'\ 

.-.6r=4-ft»(3ar-5). 
Afgain, if r* be the Tolume of the Bpberoid, 

and F'=3r,t>; the conditionB of tlie problem; 
••■ "»=3 (3*-^) i 

This is a cnbic equation wbich has all its roots real ; 
for, when -=0, the left-hand member is positive, 
when - = I, the left-hand member is negatire, 
and when -= z, the left-hand member is positive again. 

Henoe the eqnation has a real podtire root between 
o and I, and another between i and 3; also it has one 
real negatiTe root beoanse its last term Is podtive. 

It is manUM'that the onlj root which is admissible 
in the problem is the poudre root between o aad i. 

This root may be foond b; apprazimatian to be 
022607, as &r as 5 places of decimals ; 

.-, -=-32607, or«=ax'226o7, = — 0, approximately. 



170 Examples of the Prismoidal Formula. 

It should be obMrred that the eqiutlon Is independent 
of the minor axis of tiie generatiug ellipse; heuce tdl 
spheroids which have the same major axis ore trisected by 
the some two planas. 

Ex. 6. To shoir that the Tolume of the solid g;enentted 
bj the rerolotion, round the minor axis, of an arc of a 
hyperbola, cut off bj a chord equal and parallel to the 
minor axis, is twice the volume of the oblate spheroid 
generated 1^ the Tevolntion of the ellipse which has the 
same axes. 

Let 2a, i& be the aiM of the bn*erboIa, 2b being the 
length of ^e minor axis; and let iv, y be the coordinates 
(tf any point in die curve referred to the axes of the curve 
u coordinate axes, the minor axis bedng that <^ x. 

Then we have 

and 6r=h{A,+A,+^). 

Here A = 2&, the minor axis being the length of the scdid ; 
At is the value of n^ irtien x=b, .: Ai=2mf; 
^t is the value of s^ when x——h, .'. A,= 2vt^i 
.J is the value of Try ^en «=o, .-. 4A =^mf; 

.: 6F^2b (Zira') = i6mPb. 
Again, for the oUate spheroid, 

A,—o, A,=o, 4A=4irtf, and h=2b. 
Hence^ if T' be its vohime, 

6F'^2b (4B»=) = Smi*. 
Thwefore r=iF'; 

n tiie oblate hyperboloid is double of the oblate spbermd. 
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CHAPTEE X. 



OH THE PAEABOLIC 8PIXDLE; AMD ITS APPLICA- 
TION TO THE QAUGINQ OF CASKS. 



lOS. A BPorDLi is the nAme given to a solid genented 
bf the rerolutioa of ao ftrc of & curve round its chord,— 
the curve being Boppoeed symmetrical about a straight 
line perpendicular to the chord, through its middle point 

Thus we maj have a drcolar spindle, generated bf 
Uie revolution of a circular arc round its chord ; an 
dliptic spindle, generated bf the revolution of an elliptic 
arc round a diord parallel to either axis ; or, a para- 
bolic spindle, b; the revolution of a parabolic arc round a 
tbatd perpendicular to the axis. 

We cannot find tiie volumes of the eircvlar or elliptic 
spindles without die aid of the Integral Calculus, and, in- 
deed, the fbrmuke in these cases are too complicated to 
be of auj value in practice ; but the volume of the parabolic 
spindle may be found witiiont difficult;, and this solid 
h^>peus t« be of more importance than the others in its 
practical applicationa. 

106. To find the volume of a parabolic tpiruBe; 
and of any frugHtm of the gpiiuiU, made by planet 
perpertdicular to the axis. 

Let ABA' be an arc of a parabola, B its vertex, 8 
its focus, and AA' a double ordinate perpendicular to the 
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axis ; and suppose Uie figure to reTolre roond AA' fixed. 
The solid generated will be a parabolic spiudle. 






We shall first find an expreBsion for the volnme of the 
frustum BB" l/I) contained between the two planes EB" 
and Biy, of which BB' passes through tjie vertex of the 
parabolic arc. 

L«* CF=k, GA^h, CB=R, FD=r; 
and let a be the latus-rectniu of the parabola -4£& 

Divide CF into n equal parts, and let CN be the first 
p of these measured from C, and NH' one of ttiem ; 



Through N draw NP parallel to CB, and throng^ P 
draw PM paralld to CA, and complote the rectangle PN' 
as in the figure. 

When the figure revolves round AA', this rectangle 
will generate a cylinder, the volume of which will be 



Let BM-^x,MP 
parabola, 



' p ; then, since tbe curve BPA is a 
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AIbo NP=CM=CB-BM=R-!k; 

.•.NP'=R'-2R^ + ^^ 

k 

since y=p - ; 

:. Tolume of cylinder generated by PN' 

\ . n a»* a'n' } 

Hence the rolume of the froBtom will be found bj 

giving to p the values i, z, 3, n, and taking the limit 

of the sum of the reaolting expressioDS ; 

.". volume of frttatnm=xife (it" — R~ + I : 

bnt, Bmce BA ia a parabola, 4" =a (^— r), 
.'. volume of frustum 

H«ice we find, b; reduction, 
VoluraeoffriiHtam=Trft f -- J?"*^ Ar + -'"'). 

This i^es the volume in terms of the length and the 
radii of the ends. 

To find the volume of the spindle ne have only to make 
ifc=A, then r=o, and the solid will become half the sfdndle; 

.'. Volume of spindle = — ivR'h. 

, - A.oogic 



Gaining of Casha. 



;. rolome of apindle — — (circumscribing cjliader). 

Again, if we make (7(?=(7f, and through & draw a pliuie 
EE' peipendicul&r to the axis, (and therefore parallel to 
the ]dane DD'), the solid contained between these two 
planes is called a middU/ruttutn of the spindle. 

Its Tolutne will be twice the volume of ^e fmstnin 
EffiyD; 

.'. Tolnme (rf middle frostam of spindle 

V'5 'S 5 ) 

This solid is of great importance in the gan^ng d 
casks ; for the middle frustum of a parabolic spindle is a 
vCTf close approximation to the general form of a cask. 

107. To gauge a eatk; that t>, to determine, approxi- 
matUy, the capacity qf a caekfirom certain meaturemtnii 
qfil. 

In the figure of the last Art suppose EE'iyD to re- 
present a cask ; EE', DD' being the head diameters, Bff 
the bung diameter, and FQ the length. 

Tkeoe dimensioiiB are the only qoaotJtJea required to 
determine, approxiinatel;, the capad^ of the cask. 

There are fonr forms of solids niually employed in 
gao^ng casks, which are u follows i — 

(1) The middle fnistom of a prolate sphenrid; 

(2) The middle frustum of a parabolic spindle ; 

(3) The donble fmstnm of two equal parabolinds; 

(4) The double trDstmn of two equal cones : — 

the last two varieties being fonned b; two eqnal symme- 
trical solids placed base to base. 
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It is probable that no cask bus so great a capacitj as 
the first of these fomB, and that very few, if aoj, have so 
great a capacity aa the second, or so small a capacitj as 
the third; and certainl; none are so small as tiie last 
rarietj. 

We shall first obtain expressions for the Tolumes of 
each of the above solids, and afterwards deteiiniDe the 
greatest error which can be made b; asstmiiiig an; one of 
them to be the true form of the cask, 

(I). Suppose EE'iyD to be the middle fmstnm of a 
prolate spheroid, Vi its Tolume. The Prismoidal Formula 
is applicable to Uiis solid, and &om it we obtain 



(2). Suppose EE'iyD to be the middle frustnm of a 
parabolic spindle, V, its Tolnme. Then, by the preceding 
Article, 

Vis 15 5 / 

(3). ^wppoaa BE'I/D to be a double frustum of two 
equal paraboloids, V, its volume. The PrlBmoidal Formula, 
applied to each frustum, gives, on reduction, 

F,=irA(B»+r'). Bee also Art. 91. 

(4). Suppose EE'I/D to be a double frustum of two 
equal cones, F^ its volume. Then, by the Frismoidal For- 
taula, or the formula for the volume of a frustum of a 
* coDB, Art 87, 

For facility of comparison, we shall reduce tiiese ei- 
preasions to others, having a common factor — outside the 
brM^eta, I being the length of the cask, and equal to 2k. 
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^MW ezpresaoDB are 

30 

F4=^ (loiB" + loflrt ior»). 

108. ^e shall now Bhow that these fonr Tohimefl are 
in de«ceiidiDg order of magnitude beginiiiiig with the 

fint 

For r,- F,-- C4fi'-8i?r+4r') 

a quantity Qeceasarily positdve ; .■- F", =- P, . 

=^ («+9r) (JJ-r), 
ttpostlTeqnantityaiiioe Aifl 3-r; .'. P,:>P,. , 



jirf 



;(fi-r)'i 



Hence F,, V,, K,, F^ are in deeccoding < 
magnitude. 
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By conqAring the Tahies of V,— V^ V^— V,, and 
*%- *^*. wo Bee that the difierences K- F, and K- f^4 
tjn to each other ai 4 to 5 ; and that tJiey ore vwj tawA 
amaller than tbe difibreae& ^1—^^13 uses in all cams tha 
difFeroice betvreen B and r ia nnall compared vltta tkeir 



Hence the Jtrtt Uco varietlea and' tbe last tub are very 
Bear to eacb other, but there is a moch irider diffefenoe 
between tbe meoniaad Oiird. 

109. In Hue Article we shall inveatigate the Totume 
of a compound solid, the form of which ine soggeated bj 
a carefiil ezamination of tlie actual conatniction of a ntunber 
of caskg, from which it appeared that the curvature of a 
cask, in the direction of its length, was confined to the 
mldille part for about otis-third of the whole length. 
The central part of the compound solid, thus suggested, 
consists of the middle frustum of a parabolic spindle ; the 
other ports being conic frusta, equal to each other in all 






Let DBiy be an arc of a parabola, B its vertex, SO 
its axis, and FF" a portion of a chord perpendicular to 
the axis, and bisected in ib 
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Take CM'=CM^l CF; and through M, M' draw 

MP, M-P pandlel to BC\ and thrcogb P, P draw tlw 
tangents TPK, TPK' meetbg FD and F"!/ prodaced, 

The solid generated bj the rerolatJon of Uie figure 
FKPBPK'F' round FF" will be the compound solid 
whose volume we proceed to find. The central portjoo 
will evideott; be the middle frustum of a parabolic apindl^ 
and the two ends equal conio frusta. 

Let F be the rolome of the central paraboh'c portitm 
generated b; the revolution of PP", e the Tolume of each 
conic fnutum, generated b; PK or P'E', and V the 
whole volume ; 

.-. F'= F+ae. 

Let CB~'R, FK=r, MP=p, CF~k; .: CM=-. 
3 

Then F=^(ls=+iiip+Ip.), Art 106. 

.-. F=^(RB'+4A>+3P-):; 

also w=?^{p'+pr+r»). Art 87. 

Substituting these valnes of Fand e in the equation 
V= F+2e, we find 
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. ST^NT^ ST Se_3 
'■-SX /HI" NT^IfP" i'' , 
-■. ST=2NT; .: SlfT+NT^iNT, or SN=2NT. 
Now since BP is on arc of a parabola, SC its aiis, 
and TP the tangent at P, we know that the BobtangCTt 
mT is doaUe of the abscissa iJV ; 

.-. 2NT=4BN; .: SN=^N. 

Bnt S!f^CIf-CS=JI£P-FS-=p-ri 
BN^CB~CN=CB-MP-R-p: 
:. p~r=4(R-P)i 
.: SP=4*+»-. 
Hence 4^=|(4fl=+-Sr)-3.25»4-o.8^; 

i3P'=^^ii6R' + iRr+r')=Z.32R'+4.t6Rr+o.52r'; 

iopr=a(4fir+ r')—8Sr+4r'. 

Substitnting tliese values of ^p, j^p' and lofr in the 
expressim fbr V, and reducing, we find 

In this formnia we may omit tie small quantity (.04) 
in the coefficients of R' and r', and add the double of it 
to tie coefficient of Rr without making any appreciable 
difference in the approximation; and the ntm of tie 
nnmerical coefficients of ^', Rr, and r' will be nnaltered. 
Tfans we obtain tie more conTcnicnt formula 

r'='^{39R'+26Rr+2sr'l 

I being the length of tie cask. 

This formnia gives tie closest approximation to the 
tme capacity of a cask which can be obtained &om the 
three dimeosioDg R, r, and I, It has been tested by com- 
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paring the Taloea computed by it wHk the measnred con- 

tente of a nnmber of cwks, and foundt io give very accante 

remits. The ralae of V' diffen rety Uttie Crom the 

ftTerage ralae of Fi, F,, f^and P«, or from that of Ft 

andr,. 

' The (brmda fttr- V waa lint given hj Dr Hntton. 

It Bhonld be obterved that the first Tariety Vi is that 
irtdch ia employed b; the Bccue in ganging casks; hnt 
that It is alWB^ in excess of the true contents. 

110. Another method of ganging a cask, in whichybw 
dimeoidoiisare required, is as follows :— 

Let r' be the radius midway between B and r ; tben, 
i^[dying the Prisnundal FonnnJia to one-half of the cas^ 
ud doaUiDg the result, we obtun 

It is, howerer, freqaently diSonlt to measure Oie 
diameter ir* with snffldent accuracy. 

111. To determine the greatest error wldifc cm be 
made by tnpposing the tme rolnme of a cask to be^ (i) 
betwem F, and r«; (3) between T, and V^. 

Let Fbe the true rohime. 

Then the error made by taking Ft as the trae volome 
is the (- ' \ part of tlie whole. 

But F,~- r< F,- r„ and r> F^i Art 108. 



'. for both rewons. 



F.-r, 

F, ' 

i-Fj ioR'~ioRr .. 

F. " loR' + ioRr+ lor* ■ 

R'+Rr+r*' 

L- ...ibvGoogle 
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Uie error u < -== — --^^ ^-.' ^, 

F, is(ff'+r') 

These errors will obTiontly be the least when (A— r) is 
the least, I a, whea the bead diunetert iiStx. the least 
from the bong diameter. 

It is probable that if we t^e F, fbr the trne Tohime, 
the oetuof error will be much smaller than that fractton 

of the whole which is represented by — p^ — -, and Twy 
much smaller if we take either f", or ~ (V, + P,) for tite . 
troe Tolomei 

112. Examples of the preceding fi>rmiil(e. 

Ex. I. Suppose the interior length of a cask to be 30 
inches, the bung diameter 24, and the head diameters 18 
isdkee; find the capacit; x>f tbecask. 

Here fl=i2, r=9, ^=30; 

.-. P, = jT (2880 + 8io)=x X3690 ; 

r,=B- (2304+ 864+486)=* X 3654; 
F, =)r(zi6o + i2is) = )rx3375; 
Fi=Tr (1440+ 1080+ 8lo) = a-x 3330; 

r'=^ (56i6+28o8+2035)=B-x3483. 

It mil be oheeived tiiat F, and F, are near to each 
other, as also are F, and Fi , and that there ia a mnch 
greater difference between F, and F, ; also, that F' liqs 
between F, and F, , and is nearlj eqnal to the aTerage 
of the other fonr values, or to that of the second and 
tUrd, whidi are, respectlTel;, irx35i2.35 aad'fl-x3;i4.5. 

£x. 2. If the bong diameter be 24 inches, and the . 
liead diameters 20 inches ; find the greatest error wbidi 
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e by taking dther Fi or F^ for the caps 






'. error is- 



144+120+100 364 is' 



Thna, in a CMk of tUs form, containiDg 30 gallooB, the 
error coiild not be bo great as 2 gallons bj the moat in- 
accurate gaoging, and would probably be leu than one 
gallon. 



r'i=43.9gaUdns, F,=4i'2gaIIoiia, 
^co I gallon =377.274 cnbic inchea; 
and these differ by 2.7 gaUoDS] which is < — of the tmatler 
Talne. 

Agiun, supposing the true Take to lie between F, and 
F,, the greatest error possible bj taking either of these 
fi>r the capacity of the (kak ia 

(12+ 90) X 2 



IS 123 9IS 18' ' ■' 

Hence, in this case, the error would be less than - 



113. In the preceding Articles we have used R wd 
r as most convenient in the investigations ; bat, in inactice. 
the diameters 2J and d are measured, and not Uie radii 
Aaadr. 
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We hare only to substjtate — for R and - for r in the 
fonnnlK c^ Arts. 107, 109, when they become, after redne- 

r,=^(8i>-+4lW+3d^, 

P^=^ iD'-i-Dd+d'), 
r'=^i3gD'+26Dd+2Sd')i 
and these are the fonnnlee to be need in practice. 

For their ready ai^lication to find the number of gid- 
lont which a ca«k will contain, a slight modification is 
necessary. The dimensions of a caak are always givoD in 
inches ; thorofore the onit of Tolonie will be a cabic indi. 
Now, since there ore 277.274 cubic incbes in one imperial 
gallon, we must divide the foTmnlra by this nomber to 
obtain the capacity of the cask in imperial gallons. 

or, anee)r=3.i4iS9,.-. ^^^-^11330. 

Hence, if we substitate this lost number for ir in each 
of the above formnlEB, they will give the capacity of the 
cask in imperii gallant instead of, as before, in cu&tc 
inchta. 

Thm the valne of P in Ex. i, which b there expressed 
in cubic inches, becomes 

P=3483X'oii33=3y46 imperial gallons. 



CHAPTER XL 

OH THE METHODS OF APPKOXIJUTING TO THE 

AREAS OF FIQUBES BOUNDED BT FBEE CUHVE8, 

AKD THE VOLOMBS OF SOLIIW BODKDED 

BT FREE 8UEFACE8. 

IH. Ik Cli^. Til. we hare shown how to detennine 
Uie ttreas of plane curvilinear figarra when the boondin? 
cnrreB are described according to defined laws; and we 
hare detendined fte areas of some of ^le more impoitoBt 
enrTM, such aa the circle, sllipee, parabola, and others. 

In Chap. Tin. we hare inTestIgat«d the toIhimb of 
oertain solids, bounded b; cmre soriaces described ao- 
oording to biown laws. 

Id this Obapttr we dutU show bow to detonniiM, to 
Tarioos d^rees of approiimatioD, tbo areas rf cnrvSinsM' 
figures wh«i tiie cnrrilinear boondaries are siq^posedto 
be traced with a free hand and not accordiog to any knomi 
law; and we shall afterwarda extend the formnlse to de- 
tennine, approximately, the Tolnmes <rf Bohds bounded bj 
free surfaces. 

We have already giyen two formnlse for approirimatbig 
to the areas of curvilinear figures in Chap. in. We shill 
here complete tiie subject, adopting a method of inTestt 
gation applicable to eH cases. 

The method briefly stated is tius :— We detennms * 
cnrre^ described aeeording to a defined Utw, and omi- 
dding as cloadj as possifole with the given curve ; and we 
find the area of the figure bounded by this cnrre, instead 
of the area of the figure bounded by theytron carre. 
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US. Gmer^ S^lMtatitm. 

Iiet CD be a poitirai of tiia boandaiy of & corvIHimr 
figure, ^£ an; otmraiient Hoe of nferaice, AC and £/> 
perpfflidicttlar fa> AB. 



And suppose that 

y=^ + flB+CSr»+...+JCai", 
irhere ^, B, C, ... K are cotutants. 

Then, if this relation between a and y be true for att 
pMnta in the cture between C and H, we can And the 
area of the curvilinear figure ABDC, accurately, bj taking 
the limit of the earn of all the inscribed panllelograma. 

Sat if this relation between x and y be tnie oidj Iot a 
limited number of points in the curve CD, then we can 
only find the area of a cmrilinear figure ver; nearly coin- 
tiding with the given curvilinear figure, and the more 
neariy the greater the number of points which the two 
corres have in common. 

Tfow the (n + i) constants A,B, C,...K maybe deter- 
mined BO as to satiafy (n + i) conditions. 

Let these conditions be that the two curves eitaS. hare 
(n-t- 1] equidistant ordinat«B in common, of whidl AC aaS 
BD are, leipectively, Qie first and last 
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Divide AB into n equal parte, and let eadi <£ theaa 
part8=A, ao that AB'^nA. 

And let Vi<Vi-Va,--y'*' ^ the ralues of the (n+i) 
equidiatant ordinateB measured from the line A3 to the 
given cure. 

Then we hav^ by Uie conditions reipec^Dg them, 

y,=A, 

jf,-^ +5A+ ca»+ ... +i^", 
(/, = ^ + 2BA + 2»ca' + . . . + 2"jra", 



ym=A + nJA+ n>GA' + ... + n'Kh". 

From these (n-t-i) eqo&tions the (n+i) coDstantt 
./!,£, C, ...£'can be determined as functions oif the (n+i) 
measured ordiaii,tea J/,, j/i,t/i,...ytti ■ 

If this be done, the equation 

V=A+Bx+C3:' + ...+£si/' 

Till bs the equation to a curve having (n + i) points in 
common with the given curve, and its area will be an ^>- 
proximation to the area of the given curvilinear figure, 
and the more nearly the greater n is. 

The actual determination of these cODStante is not ne- 
ceagary in any case. We shall suppose them determined, 
and find an expression for the area of the curve in tenna 
of A, B, C, ... K, and afterwards eliminate these constanb 
to obtiua a convenient formula for the area in terms of 
the measured ordinates Vi, y,, Ac. 

116. To find an, expression /or (A« area of a 
ev/rvUinear Jigu/re, the curvtftn^ar boundarj/ <(f kAuA 
luta (a + i) points m commim with a given curve. 
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For this pnrpoae supposie AB divided into m equal 
parts, and let AN be tte first p of tbogo parte meamred 

from A, and NN' one of them; .■. NN'= — , and 
AN=p ~ ; AB bung equal to nA as before. 

Complete the parallelogram NR. 

Thea the area of this parallelogram = NP x NN'. 

-RMlb NP^y^A+Bx+Cx' + ... + KxT 

^A+Bp^+Cp'^'^^.-. + lCp'Sy^: 

.: area of parallologram NR 

Hence the area of tlie curve will be found by giving 

to jD the Buccessive values i, 2, 3,...m, and taking the 
limits of the sums of the resolting series when m is inde- 
fiaitelj increased ; 



=nh(A + — nA+—n'h'+... 



in. From this general expreBsion for the area of the 
attumed curve, which has (n + 1 ) equidistant ordinates in 
common with the given curve, we shall dedace certain 
rules for approximating to the area of an; curvilinear 
figure according to tho degree of approximation required. 

(I). First approximation ; n=i. 

Therefore the equation becomes 

P^A + Bx, 



= A (.^ + ^ a) = * (2^ +BA). 
y^=A, y,=A + Bh-, 

r .. .ovGoogle 
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.-. iirea=-{y,+y,). 

This Is the fint method of appnmmatioii givm in 
Chap, ni., and is eqniralent, m there Msooied, to BtL|>- 
poeing CD a straight line instead of a curve, mnce the 
equation y-A + Bx r^iresentB a atnight line. 

(2). Second Bpi»«xlinBtion; n=x 

Therefore the equation becomes 

and axcA=2h(A+Bh+^ChA 

=- {6A+6Bh+BCh'). 

Also y, =A, 

t/.^A+S/t+Ch", 
yj=A-\-zBh+4C3t'; 
■'■ yi+y3+4y«=6-^+6BA + 80'A". 
Een« a«>a=-(|/,+y,+4y,). 

This is the second method of approxiioation gavan In 
Chapter m.. and generall; known as "Bimson's Role." 
It is equivalent, as there assnmed, to supposing the cnrve 
an arc of a parabola having it« axis perpendicnlar to A3, 
sinoo the ordinate of an; parabola in this position can be 
expressed in the form ^+^:t:+C:i^. Bee Ex. i. Art. izi. 

(3). Third approxiinatioa ; 11=3. 

Therefore the equation becomes 

p=A-i-Bai+Cx'+Dx', 
and area=3A (A+^Bh+3Ch'*^Dk') 

= I A18J + i3SA+24Ca»+s4^A^I- 
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y3=A + iBh + 4Ca« + 8/>A', 
y.=-4+3JA+9Ca"+27Z'A'; 
•'• yi+3(y.+?i)+y*=8^+i25fi+24C!l»+S4/M>. ' 

The fooith and fifth approxioiations, in vMch n=4 
and 5 reqtectiTelj, do not lead to formolie eexj of applica- 
tion like the preceding. 

We shall ther^ore pass them over, and cODSider, kutlj, 
Uie sixth approximation, for which the equation ia 

y^A+Bx+CaP+Dx^+Ex'^+Fx^-i-Gx^. 

This leads to the foQoiring remarkable formnis for the 
approximate area, viz. 

area=-^A{y,+y, + yj+y,+s(y.+y* + y«)+y*l. 

This formnla gives the closest ^iproximatian to the 
carrllinesr area which can be obtained by any simple rule. 
It was first given by the late Mr Wed^e in the Math^ 
matical Journal, VoL iz. p. 79, and has dnce been pub- 
lished in Fro&flSM- Boole's Finite IHffereneet. 

The Student maj prove the formula by following the 
same method as wo have empliqred in the previouB s.p- 
proximations. This method, however, involves considerable 
labour in this case. In the following Article we nhall 
prove this important formnla by a somewhat different me- 
thod, mnch less laborious, thongli, perfaapsj not quita as 
simple as the preceding. 

118. Pro<if<ifWeddU'iRuU. 

Let ABDG be any curvilinear figure as before. Bisect 
AB in 0. Then, amce in this case m=^ AB=Cih, and 
therefore OB=^h. 
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Divide OS into tn equal parts ; let ON" be Qie fint 
p of these, and NX one of tliem ; therefore NM= — , 



Make ON'=ON, and N'M'^NM, and constrnet the 
porallelogramB NR and N'R as in the figur& 

Let be the origin of coordinates ; ON—x, NP = y, Ui» 
coordinates of P; ON'=af, N'P'^i/, those of i". 



Therefore area of iVS = JVP X iVJf= y 






& of A^'ir=JV"P'x Jr'Jf'=y'^ ; 
-eas of JVB and iT'B'-^A (y+^. 



But tf =^ + Sir ^Gf+Dx' + Ex*+Fx^ + G«' ; 
ftnd ^=A-Bx-*-Cx'-Dx^ + Ex*-Fx^^Gx'', 
rince, af=~x; 

Hence, if -^i) ^, be Uie areas of NR and JV'JZ', 



oyk 



Proof of Weddk's Rule. 191 

-■- A.^A.=^{a^3'Cp' £+3*^J"*4-^3'ffp'^,}, 
putting (br x its value p ^- . 

Hence Uie area of the whole cmrilinear figure will be 
foond bj giving to p the aaccesaJTe valnes i, z, 3, ... m, 
Mid taking the liiuitB of thercaultingexpreKsioiis; 



=6h(. 



The expnaaon within the brackets contains onlf even 
powers of A ; and, if we write down the valnea of the seven 
equidistant ordinatcs 

V', y.i 1^3 Ct, 

it will be obTiovs that the onl; waj in which we can 
combine them so as to avoid odd powers of A, ia bj taking 
them in pairs equidistant fi'om the middle ordinato y.. 

Now V'+V? = 2(.A + gCh'-HiEh^ + 7zgGA'^); 
y,+y, = 2{A+G/t'+i;h* + Gh'); 

6b^^6A. 

=30^+6oCa'+324£A* + 2ioo ffA*; 

=6a|^+3CA'+- ^A' + ^GA'j. 
If we compare this ezpression with that obtained abore 
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fn- the area, we see that thaj oaij diffar tn thsir latl 
ttrmt, and by the quantity 

There&re the value giren by the formula is in exoesi 
of the area of the cnrre which we have taken as an ^ 
proximatioii to the gireu cnrre, by th« quantity 

Therefore the error in tha. latt term 



- = — , Tcry ncady, or is fooB,. 



Hence the error in the whole quantity will be very 
mueh tmaUer than this, dnce the moat importAnt terms 
in the expression for y are the earlier terms. 

We may Qierefore n^ect this extremely smalt differ- 
ence which will, probably in all cases, be very much less 
than the differrace between the true area, and the ap- 
proximate area given \fj the formnla. 

119. We shall now generalize tbe formul^a obtained in 
the last two Articles, so as to render them applicable to 
ai^ curvilinear area, whatever may be the nimiber of the 
ordinates whicb it may be desinblo to measure. 

Biqtpose there are (n+ i) equidistant ordinates 



For tbe first apjawximatioa, w may be any namber, 
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odd or even) for the lecond approxiiiiatloii, cv "Sinuon'a 
Bole^" n miut be a multiple at 2; for the third n miut be 
a multiple of 3 ; and for the rixth, or " Weddle'« Rule," 
n most be a multiple of 6. Hence a multiple of 6 will 
suffice for all tiiese approximationa, and must be employed 
whenerer it ia desired to compare tiieir results. 
(1). Nov, in the first approximation, 

Area between y, and pa=~ (jfi+j/^ 

V' », = 2(tf. + Cl), 

ft »»= j (Vi+Sth 

and 10 on; 

.'. Area between ^i and y^ 

From this we have tbe OeoerU Formula, — 

Area^ - (S . y (extreme) -I- 3 2 . jr (intermediate)!, 



(2). In the second approximation. 

Area between yi ftndyj = - (yi+y, + 41/,), 

tfi yj = ^C»i+yj + 4l'*), 

A, 
t/i Vi^^^i+ffj + Wo), 

nd so rai; 

.'. Area between ]/, and y, 

=^ ll''+tf» + 3(c, + »5)+4(y»+I'*+y«)l- 
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From this wo have tbe General Formnla,— 
Area= - Jr . ^(extreine) + 22 . y (odd) + 4 Z . y (eren)!. 

(3). In the Uiird approiimaiion, 
Area between y. tai v^=lh{y,+y^+z(s.+y^)\y 
y, y, =1 A \y*+y,+3itfi+V'>)\> 

y, yKi=|A{y,+ff«+3(yi+l'9)l. 

and so on; 

.'. Area between yi and yio 

=|A{y,+y»+3(y.+y,)+3(y.+s'»+i'.+i'6+!'»+i'.)l- 
Hence we have the General Fonnula,-7*, 

Area= I a JS . y Cextrome)+ 22 . yXe^eiT third) 

+32.y(reniaming)l. 
(4), In the Biith approximation, 
Area between y< and yT=— Aiyi+yj+ys + yT 

Vi y.j=^A{y7+yi'+!'"+i'.3 

+S(y,4-y»+y„)+y„!, 
!/■,,...■?„= j^Q A {y.i+y.s +!/.?+?.* 

+5^T4+y.,i+y.B)+y.6l, 

and BO on; 
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.'. Area between y, uid y^^ 

FFom tbU we deduce the General Formula, — 

Area=^Al2.y(oiid)+SSy(ey6n}+2.y (every third,}. 

120. The four OeneraJ FormolEe which have been 
dedoced in the hut Article ue as foUowe: — 

(1) Area=- jZ.y(eitreme) + aS.y (intermediate);, 

(2) Area=- j2.v(eztreme)+zZ.y(odd) 

+42.y(Bven)[. 

(3) Area=^ {r.y(extreme) + 2S,y(every third) 

+32 .y (remaning)]. 

(4) Area=2*{s.y(odd) + s2.K(eTei») 



+2. p (every third)}. 

It is worthy of obgervation that in no one of these 
foot formuln are the &tlreme ordinate* taken ticice; this 
will remove all possible doubts as to the meaning of the 
eiproBsionfi "S . y (odd)," " 2 . y (even)," " S . y (every 
third)", &c., frotn all of which the extreme ordinatea are 
to be excluded; — excepting only the "S.y(odd)" in (4), 
in which the extreme ordinaieg have not been^recioWy 
taken. 

In applying these formnlee to determine, approximately, 
the areas of carrilinear figures, it is desirable to avoid 
great differences between consecutive ordinates. Where 
these differences would necessarily be considerable, a 
greater number of ordinates should be taken to determine 
iho area of the eurve. ' . 

02 



196 Approxiviation to Curvilinmr Areas. 

ISl. In this Article we dull give two Exan^n in 
illustration of tike fonuulse proved in Arts. 117, it 8, For 
these formate, see Art 120. 

Bz. 1. To find the area of a segmeut of k parabola 
cut off b; a chord perpendicolar to the axis. 



>- a 

N D 



Let ACB be a wgment of a parabola, C its vertex, 
S its focus, and AB a chord perpendicular to the axis C.D. 

Take an; point P in the cmre; draw PiV parall^ to 
CD, and PS perpendicular to it 

Let AN=x, NP=p, AD=h, CO=it, 
and let a-^CS. 

B7 a well-known prc^)ertj of the parabola, 

PR'=^CS.OR. 
But PR=ND^AD-AN-h~x, 

CR=CJ>--DR=CD~PN-=Jc-y 
therefore, hj sabsUtution, 

ih-x)'=a{k~y), 
.: h'—iAx-t-^e' =ak~ap: 
but h' =ak; .•.ay—2hx-x'; 

. „ 3h X' 
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This eqaation is of th« form 

in which A If lero, because the origin of coordinate is 
s point 

H^ice SimBOD'a Role irill detennine the ares of tiiiB 
cmre accuratdy; — and this is what we should expect when 
we bear in mind that gimson's Bole is foonded on the 
principle of substituting a portion of a parabola (with its 
axia in the position here indicated) for an; other corre 
between two near points. 

Bf thia role, 

Area=-(tf,+yj+4y,). 

Here |/,=oy yj=o, y,-h, k=A; 

.: Area=-4A=4A*=?(2A)*=2^flxC£>j 
3 3 3 3 

or area = two-thirds of the circnmgcribed parallelogram. 
lliis agrees with the result of Art 76. 

Ex. 3. To find, spproziinstelj, the area of a portion of 
a circle contained b^ween two ordinates, eqoidistant from 
the centre, and di«tant from each other by the radius of 
the circle. 

We shall apply each of the formolEe of Art. 120 to this 
problem, for the soke of comparing the approximations 
obtained by them. 

Let AB, CX> be the two ordinates, the centre of the 
circle, and a its radius ; Qtm AC=a. 

Diviile AC into sis equal parts, and ifKW the ordinates 
OS in the figtire ; and let yn v., V,, y^, Vi, yA,^/bethe 
lengths of the seven eqnidiatant ordmates, and h their 



»en 6A=a, yi=y,, Vi=ya, Vj=yj, »*="• 
Sow jTj = kU'~&'~ V a' ~ gi = S "^35' 
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(1), For tlie firrt i p igox im aton, 
Area= — {Z , y (extreme) + 2Z . 9 (intermediate)) 

Hero I.y(8xtreme)=y,+j/, = 2y,=- -/Ij; 

al .]/ (iiitermediAte)= a (y, +yj +», +yj + y a) 
= 2V,+4ys+Wa 

=2(i+y '/iS + j^i^i 
.: Area-f V27 + 20+ — »/3S + — V32 ) 
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Performing the aritbinetical operationa, we find 

Areata' X.9S394S. 
(2). For the second a{iproziniat^aii,or"Sijasoa'8 Role," 

Area= - {Z . y (eitreme) + 22 . y (odd) + 43 . ff (even)}. 

Here 2 . y (exlTeme)= yt + Pi = a? > = - s/aj; 

2S.y(odd)=2(y,+yj)=4y, = ^^/^; 

4S.y(even) =4(I'. + y4■^ff6)=W* + %4 

:. Area= -(? V^+^ s/3S+4a+y VSa) 

= ^ (12 + i6^/i+3 VJ+2 Jis)- 
H«ice Area= a* x .956588. 

(3). For the third apprazimatiOD, 

Area = ^ {Z . y (eitremo) + 22 . y (eveiy third) 
+ 32 , y (rentftiningjf . 

Here 3.p(eitreme)=y, + i/, = 2y,=- "Jxy i 
22 , jf (cTery third) = 2yj = 20 ; 
32.y(remMning) =3(v.+»s+tf.+ffs) 

=6(S/,+y6)=« */3S+«'»'33- 
.-. Area=ij- (^ .y27+M+a<^+a */32j 

r ...0, Google 



200 Approximation to Areas, Example. 
HeDM Arm = <r x .956605. 

(4). For the lixth s^roiimatioti, or " Weddle'a Bnle," 

Area =^— {S . y (odd) ^ S2 . y (even) + 2 . y (eTery third)}. 
Hfflw 2.»(odd)=v,+yj+y, + y,=2(yj+y,) 

52.p(ereii)=S(y,+y.+y4}=5y* + ioya 

I.y(eTery thipd)=tf,=<»; 
... Area-g {?^/Ss+V=^+s«+^*^^+'.) 

= 1^(18 + 20 VJ + 3^'3+ n'Ss)- 

Heoce Area— a*x.9566oS. 

Now U>e area ABDC is muiifOBtly the difference 
between a Bemidrde, and ■ Begmeot whose heigbt is half 
the radios. 



From this we find 

Area', 



-{^'f)^ 



and since «'=3.i4i5937; and \/3=i-73305oSi 
.-. Area=a>x.9566i2. 

If we compare tbiB vahie with tiie fonr ^irozimate 
aliHa alread; fimnd, rii. — 

(1) Area=«=x.953945,. 

(2) Areata' x .956588, 

(3) . Area =a>j(. 956605, 

(4) Area = a* x .956608; 

r .. .o,Goog[e 
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we see that the first is tme to two jdocos of decunkls, 
the second to /our places, aod the third and fonrth eack 
to^M placea — the last hc^ tbe nearest approxunatioii. 

122. The inTestJgationa and tbe resolts of the pre- 
eedhig Articles of tbis Chapter will also be applicable to 
tbe ToluiucB of solids bounded by free BurrticeB ; if, for tbe 
lengths qf t/ie eqmdittajit wdinatet, we substitute the 
areas qf the equidutaat parallel lecliont. 

In this case we determine tbe volume of a solid which 
baa a number of equidistant sections in common with tbe 
given solid, and the surface of which follows a known law ; 
and tbe volume of this soUd will be an approximation to 
tbe Toliune of the given solid, and tbe more oearij the 
greater the number of tbe sections which thb.two sohds 

Thus, in tibe second t^proiimation, or " Bimson's Bule," 
the expressitm for the area between two alternate ordi- 
natee is 

A, 

and if A,, A,, A, be the areas of the equidistant panllel 
sections ot a solid, this ezpreaaon becomes, foj substitu- 

which is an approximate expression for tbe volume of the 
solid between the alternate sections A , and A, . 

Hence we have 

6F^2h(4,+A^+4A,); 
and tbis is the "Frisraoidal Formula,'' since ^4,, A, are 
the areas of tbe ends, ^, is the area of the mean section, 
and 2k is the lenglh of the sohd. 

Again, by the general form of "Weddltfs Enle," appUed 
to volumes, we have 

K= -2- A {S . ^ (odd) + JS . .4 C«ven)+ 2 . j (eveij Ourd)J, 
a multiple of (A being the leiqth of the solid. 
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By means of this formula we may find the volume 
at any solid in which the areas of the transTerea sections 
can be expressed by a ratJonal integral alKebraical function, 
of a degree not higher than tiie Jifih, of its distance from 
either end ; and, nerj/ approximately, when the expression 
ia of the nxUt degree ; whereas in the case of the Frii- 
moidttl Formnla, the decree mnst not be higher than the 
third. 

Thus, for example, we nay find the volume of llie 
middle fmstnm of a parabolic spindle, already given u 
Art 106. Referring to the figure of that Art. let GF be 
divided into six eqiml porta, each'-^A, and let 

A^,A,,A^,A^,Ai,At axA A, 

be the ttreas of the sections at the points of division, 
As being that of the end EE'. 

Let CN=x, NP-y be the cowdinates of any point 
J* in the curve ; 5(7= fi, Z> J'= r ; 



win be the area of the section at the distance x from C; 
and this being a rational integral fonction of x of thojburth 
degree, Weddle's Bnle will determine tbe volnme accn- 
rately. 

Now J.=^, = 7rr-; 
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Iffwnded hy Free 8vr/ace$. 20'i 

\ a a'l ' 

5S.A{eraL)=s(.A.+At+At) 

= S-(3l^-r6fiJ+32g)i 
2 . -4 (every third) = jI, = irfi», 
.'. 2.^(odd)+sS.^{even)+2.>4(eTerjtliird) 

=x (i8ii=-i-2r'-84fl|'4-i62^] ; 

It {3f^>=a(R-r)i .■.^^^^■, 

.: S.^{odd)+sZ.^(eveii)+Z.^Cevei7 third) 

=T [iSB'-t-2r'~ R(R-r) +2 (R-rA ; 

= ^v{iR'+^Rr+zr*). 
Hence, hj the fonnnla 
F= ^ A {2 . ^ (odd) + s2 . J (even) + 2 . ^ (eyeiy third)}. 



This is identical with the eipressioD for the 'middle 
fnutnm, obtained in Art. io6, cdnce 6A-2A. 
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A COLLECTION OF EXAMPLES 
AND PROBLEMS. 



Examples and Problems on Chapter I. ■ 

1. The base of the Great PTTsmtd of Egypt is » aqnare 
of 764 feet in each side ; find the number of acres of groand 
covered by it. 

Bj Arts. 3 or 4, 

Area = 764 x 764=s8369(rBq. feet, 
=64855 «!■ ja»da 1 aq. toot, 
= 1143 sq. poles 19 sq. yards i sq. foot, 
=S3 roods 13 sq. polea 19 sq. yards i sq. foot, 
= 1 3 acr«B I rood 13 sq. poles ig iq. yards 

Hance Qie area covered b; the base is cather more than . 

> 3«''3< 33-9*, +8.39 
he field in acres. 

By Art. 6, Case (3), 



area=V.(.-a>(.-»)(.-i^, ■ 
ad .-. alogarea = Iogi + log((-a)+log(*-i)+loe(»-Q, 
Here m = 3i.i3+ 33■9&^-48.39= "4-48 ; 

.-. .= 57.14; (.-a) = 35.>ri («-J) = a3-»8;{s-c} = 8.8s., 

.'. log» = bg 57.34 = 1.75,76996. 
log (i-o) = log 35.11 = [.3998467, 
log(.-i) = loga3-»B = i-366983«, 
log(i-c)=log 8.85=0.9469433; 



Examptet on Chapter I. 

.-. logar«»=i.73S73S3- 
logS44-i7=»-7357346i 



iiMoD= .oooooSq; 
.-. the laat two di^ta »n tboae in -^— , or ll. 

Houoe ■nk=544.i7ii tq. oluJiu 

= 54 acrei, 4.1711 iq. cluuni. 

Thu Raalt ii tme within one iqiure link ; if it were only 
reqmred to find t^s lu^a tme to one-tenth of & square chain, 
we abould ngect the laat two £gita and write the reiult, 54 
aoiea, 4.1 >q. ohuiu. 

8. Tha diagooala of a qiudril«t«al encloaura are 17.11, 
■ad 14-33 chaini, and the angle between them ia 39* 14'; find 
the area of the encloiure^ true to OiB hundredth part of an 

By Art: 7, Caaa <i), we faan the formnU 

log area=LogfIi +]ogilf + \ogta:a 9 -log 3 ; 
,', log area— log 1^1 + log<i,-f- Log linf- lo-Iogi, 
where L<^ nn ia the tabolar logarithm of sin I?, or the true 
logarithm incnaaed by 10. 

Here ]ogii,=log 17.11 = 1.1357809, 

logii,=l<^ i4.3i = i.3B59£3G, 

Log ain 0=Log lin 39* i4'!s9.6oi046S 

-10-log i=- 10.3010300; 

.■, I(««e(.=».iai76i3. 

By Tables log T3i.36''t.iti7£tS; 

.', ar^= iji.jfiq. ohaiiu=l3.ig6 aurea, 
or aMa— 13.14 tuma, true to the leoond decinuJ, or to the 
Jumdiedth part of an acra. 

i. Find the aroa of a regular octagon, each mde of which 
ia ft nnit of length. 



Examples on Chapter I. 
iTpORe we ra^aire tlie formula of Art. t 



, utd therefore 



= i+*/i = i.4i4ai36... 
1.4143136 = 4.8384173. 



IFrom the numerica.! vftlaa laat found, tbe area of any other 
ootagon may be obtained when ve knov the length of ita ait; 
ifa, if a be the length of the aide, the area will be 

by the formula quoted above, or aince the areas of n'mifar 
poljgoDB are in the duplicate ratio of dieii homologaiu aidea. 

'Oaut, if the side of an ootagoa be 10 feet, ita tuea will 
be 10*, OF too timea that of an octagon whoae side ia one foot; 
therefore ita area will 116.481.84171 aq. feet. 

This anggeata the advant^e of a table of the areaa of tbe 
regular polygona, when tbe udea are unita of length. 

If the student calculate the areas of the first ten regnbr 
polygons when the ride ia a unit of length, he will easily con- 
BtrucC the following table. 



ScBompleB on Chapter I. 



S-5S 


UKMOfPolreon. 


Ana vbm rids -1. 


3 

i 
1 

9 


Equilateral trianria 

Pentagon 
Hexagon 

Octagon 
Nonagon 

UndecairoQ 
JX^decagon 


0-4330 "7 
I.OOOOOOO 

3-63.19114 

6.i8i8»4i 
T.694»o88 
9. 3656399 
11.1961514 



Hie Heptagon, Nonagon, and Uodeoagon are mogt con- 
veniently calculated by meoag of the Logarithmio Tables ; the 
peet may be eaaily compnted as anrda, requiring only ^a, ^, 

6. If the alternate aidei of a regnlsr polygon of an eten 
number of aides be produced to form another regular pol3'gon 
of h^ the number of aidea; find its area in terms of the area 
of the given polygon. 

Let A be the area of the giren polygon of in gidea, 
^\ new polygon of n mdea. ' 

The two poljgona will evidently haw the same inscribed 
drcle : let r be its radius; 



.•. A = 



- , J, = nr»ta 



Art, I., W; 



%^(-- f.)' 
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or On eqaUateral triangle fonned by prodndng the »lteni*te 
nd«* of » R«nl>r hexagon U greater Ihan the heiagos bf 

6. The area of the baie of a fnutnni al a regoW heia- 
gmnJ pyramid ii donbia of the area of the top ; the perimeUr 
of the top i> 6 teet, and the slant height g feet ; find the ana 
of the whole mi&oe. 



By Art. i6, Cor. 

aiea of whole am&ce^ J, + J, + ^ (P-t-f). 


Hera 


Ai = iA, 






Also 


A...'l 


c-^-.?.. 


.3H^'3' 


a A=9, 


p.S; 








.-.-. 


— fVFfi 


.t«/i) 






= 2,.73»+» 


7x3.414 






= 73.98 aq, feet, 

.=71 e<j. ft. 141. la iq. Inch 



7. Find (he namber of aqnare yatdi in the' floor of a 
Tecbagnlar room, the BJdea of wMoh are 40 and 10 feet. 

Ana. 88 iq. yde. 1 sq. ft. 
1.15 and 8.50 
I id. 16 iq. pa. 

S. The diagonal of aaqnaie ooiut ii 300 feet; find its ana 
in aqnaie yarda. Ana. 5.000 aq, ywid$. 

10. A aquara field eontaine 31 aona o rooile 10.15 eqnaie 
polea ; find the length of a aide, and of the diagonal. 

Ana, ■ids=^ 17.615 chuni. 



'"31'' 



Eaxanplaa on Chapter I. 30& 

11. A Teotangnbu' grasa-plot, the toAea at which ftrs h 
i : 3, cost £14. 3i. far turling, at the nta of ^d. per sqnsrs 
yard ; fiad tha langthi of its aidau Aiu. 14 and 36 jarda. 

12. A grave] walk of uniform breadth \a made roacd a 
rectangular graw-plot, tba aidea of whiob an 10 aiul 30 jards ; 
find the breadth of the walk if its ana be tbree-tBiitha of that 
of the graa*-pL>t. Ans. 10 feet 1.4 inchea. 

IS. A Toom 40 feet Irmg, 11 wide, and 15 high, has four 
window* in one. aide, each occapying a apace 7 feet wida uid 
1 3 fe^ high ; two doors, each 4 feet 9 inches wida and 8 feet 
high ; and two fire-places, each 5 feet 8 inchei wide, and 4 feet 
6 inches high: find the number of square jarda of puutjng 
required for the walls, allowing i foot for the height of the 
cornice, and 15 inches for tha skirting-board. 

Ana. 10S9 sq. jA». i aq. foot. 

14. One side of a parallelogTwn is 30a feet, and the per- 
pendicular from the opposite side is 190 feet; find the area 
in square yards. Ana. 6333.3. 

15. A parallelogram maj be divided into a number of 
equal parallelograms in the same manner as the rectangle on 
page 1 is divided into a number of equal rectai^les, and the 
number of these parallelograms will manifeattj be the product 
of the numbers ij units of lengtb in two sdjaoant aldee ; why, 
then, cannot these parallelograms be taken for onits of area t 

18. Two odea of a parallalt^ram are 10.61 and 15.35 
chuns, and the angle between them is 30° ; find the area. 

Ana. S. 156 acres. 

17- Two sides of a parallelogram are 10 and 30 feet, 
and the area ia 450 sqaare feet ; Gnd the angle between the 
mdea. Ani. ain~' ^ , or between 48° 35' and 48° 36'. 

18. The diagonals of a field, the ndes of which are all 
equal, are 10 and 30 chuna ; find its area. Ana. 30 acres. 

1 9. The sides of a rbombos are 1 1 feet 3 inches, and the 
smaller angle is 53° 10' ; find the area in square yards. 

20. Hie diagonals of a parallelogiam are 15 and 30 fes^ 
■ad its area is 315 square feet; show that the angle between the 
diagonals is 60° very nearly. 
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21. Thebaie of » triangle ii j feet, and the altitude 8 f«tf ; 
find iW area. Ana, 9 aq. ydi, i sq. ft. 

22. IVo gidee of a triuigular field are 4 uid 5 chains, 
and they include a right angle \ &id the area. Ann . 1 acre. 

23. Two sides of a triangle are 35 and 11.15 cluJiu, and 
the included angle 45°; find the area. 

Ana. iS ao. 3 rd. 5 »q. po. 

24. Find the *rea of ao equilateral triai^e, eadi nde of 
irtiichiiiifeet. Ana, 191.1 sq.feet. 

25. The perimeter «f an equilateral triangle is 900 feet; 
find ite area. Ana. 1914.5 sq. feet. 

2S. If p b« the peipendicular of an eqoiUtetal triangle, 
p> 
■how that iti wea u -^ . 

27- The mdea of a triangular field are 10, 30, and 40 
duuDa; find ita area. Adb, 39 ac. o rd. 7 sq. po. 

28. The Btdea of a triangular field are 49, 50.15, and 15.69 
eluuiu; find ita area. Ana. Ci ac. 3 rd. 37 aq. po. 

SB. The base of an iioacelea triangle is 40 feet, and the 
Tertjcal angle 110°; find the area. Ana. 130.94 aq. feet. 

30. The area of a triangle ia 10.869 aquare feet, one angle 
ia 45°, and one of the eidea wlucb contain this angle U 15 feet; 
find the other aide. Ana. tT.i5feet. 

31. One diagonal of a qnadrilateral is 70 feet, and the sum 
of the perpendiculars upon it ia 34 feet; find its area. 

Ana. 840 aq. feet. 

32. One diagonal of a quadrilateral, which lies oniade the 
figure, ia 70 feet, and the difference of the perpeudioulara upon 
it ia 16 feet ; find the area. Ana. 560 aq. feet. 

S3. One diagonal of a quadrilateral ia 311 feet, and tlie 
perpendiculars from the opposite angular points are 108 and 
173 feet; find the area in aquare yards, (i) anpposing the 
diagonal wifAin, (3) supposing it wUhoid the figure. 

Ana. (1} 90101 aq. feet, {1) 30865 tq. feet. 
34. The diagonala of a quadrilateral are 30 and 40 chainB, 
and thej intersect at an angle of 45° ; find the area. 

Ana. 44 ac 9 td. 14 aq. po. 
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85. The di&goaa]a of a qiutdriltiteral £eM are ii.Si and 
33.10 chaiiis, and the; inoluda on angle of 71°; find the area- 
Ana. 34.44r aores. 

36. Hie diagoDala of a quadidlateral are 305 and loS, and 
the an^ betweea them la 55°; abo, the perpendiculars on the 
longer diagonal are 79 and 91.4: calculate the area from each 
set of data. 

S7. One aide of a quadrilateral field is 11. 1 chains, and the 
perpendicular from the oppomta comers are 3.53 and 5.95 
chainfi ; the foot of one parpeDdicnlar la distant i.i chun from 
one end of the ^ven aide, and the foot of the other j.tij chains 
from the other end ; find the area. Ana. f .186 aoree. 

a. The aidea of a qaadriUteral, taken in order, are 143, 

95.3, 131, 187 feet, and the anglea between the first two and 
the laat tvo are 78° and 55° ij' respectively ; find the area. 

Ans. 16806 aq. feet. 

39. If the four sides of a qnadrilateral be given and one 
of the angles, show that the figure is determinate when ib is 
known whether the oppoiiie angle is greater or less than two 
right anglea. 

40. The sides of a quadrilateral field, taken in order, are 
650, 1196, 1481 and 413 links; the angle between the firat two 
18 11;° and the opposite angle less than two right-anglea: find 
the area of the field. Ans. 611218 sq. links. 

il. Three aidea of a quadrilateral field, taken in order, are 

33.4, 19.75 and 30.5 ohains; the angle between the aecond 
and third ie 73", and the opposite angle 87* 30': find the area. 

Ana. 34-315 "J"^- 

42. The sides of a pentagon, taken in order, are too, 1 30, 

t9T> '33> '^ 94 f^^ *'"1 ^"^^ ^^° diagonals measured &om 

the intersection of the first and laat sides are 309 and 193 feet ; 

find the area of the figure. Ana. 3090.3 sq. jards. 

4S. The parallel sides of a trapezoid are 7.5 and 11.15 
cluunsj and the perpendicular is 15.4 chaina; find the area. 

Ans. 15 ac. 33 aq. poles. 

ii. The parallel sides of a trapezoid are 55 and 77 feet, 
and the other sides are 15 and 31 feet; find the area. 

Adb. 1590.6 nq. feet. 
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4S. He puallal udai of > (npetoid are 39 and 56 jtiit, 
and tbe MiglM vliich tiia other two ndea make willi ibe longer 
aide m 45° tmd £7°; find the ueb. Ann. 489.58 aq. yarda. 

i6. Bbect k tmpezoid bj & atnight line paesmg^ through » 
point in the greater of tbe two ponlle! sides, uid tbrough one ol 
iha opposite angular pointe. 

Ads. If « be the distance of the point from one extremity 
of thaddc^ «= — -, a and ft being tjie leogtba of the pwaUcl 



47. Show that the problem to luaect a trapezoid hj a 
straight line perpendicular to tbe paiallel Bidea ia indeterminate, 
if only the lengUu of theee ndea and their diitanoe be given. 

18. A trapezoid, the parallel mdea of which are as 3 : 4, 
ii to be cut fi-om a rectangular lioaid 11 feet long and 1 feet 
wide ; find the lengths of the parallel sides that the trapezoid 
maj be one-lhitd of the boald. 

Ana. 3 ft. £f in., and 4 ft. 6f in. 

49. The sides of a quadrilateral, taken in order, are 7^ 55, 
60 and 40 inches, and the angle between tbe first two sides 
is 74° 40' 15"; show that the figure may be inacribed in a airole, 
and find its area. Ana. Area — 11.85 "l- 'Bel 

60. The udes of a quadrilateral inscribed io a circle an 
^, 5-S, 7-5 luid 4;ards; End the area, and the uiglea between 
tbe first and last, and the second and third sides. 

Ads. Are»=3i.46 >q. yds.; »ngle8=74» 40" 15" and rog* 
19' 4!" 

61. A quadrilateral in a circle is bisected by one of its 
diagonal and trisected by the other; if a, c be two adjacent 
sides which contain an obtoae angle, and are subtended by tiia 
trisecting diagonal, show that the are* 

52. If Ji be the radius of the circle which drcumscribet a 
quadrilateral, a, b, c, d the four sides, and 1$ the perimeter; 
diow that 

„ I- / f jiA+odHiHU-bdi {ad+ic) \ 
^" W U'-«) <'-6) t*-'^) ('-'0/ • 
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CS. Xlnd Hie nines of R ftnd r, lad tbe areU of the fol- 
lowing regnlw polygons:— (i) » penUgon; (3) ft bengon ; (3) M 
ocbi^n ; (4) » decagon — the length of one dde being aj feet. 

fi=(i) 11.17; W->S; (3)J».67; <4)4'>-4lft. 

t-=(i) 17.11; <i)ii.65; <3>30.i8; (4)38.47"- 
-* = (i)>o7S-i; (i> 1613.8; (3)3017.8; {4)4808.9*5.(1. 

El. Find the ride of an octagon which hui ma Brea of looo 
aq, yards. Am. I4 yds. I ft. 1.4 bches. 

55. The perimeter of a quindecagoD is 135 feet ; find its 
areSi, and the radii of the inscribed and olrcjinsenbed drcles. 

Ans. Area= 1419 sq. feet. 

66. Each diagonal of a pentagon is to feet ; fiod its srea. 

Ans. 6J.71 sq. feet. 

67. A pentagon and a decagon hare one aids oommon ; find 
the area of the apace between them in terms of one aide. 

Ans. If a be Uia side, area= 5.973810'. 



69. The area of a t^olar ptJj^n of is ^'^^ '» 3i5-8i3 
aq, feet ; find tbe radios of the inscribed circle, and show that if 
the isdins be increased by 1 foot, the area of the polygon will be 
increaaad by 66.313 iq. feet. 

60. The radius of a circle being 30 feet, End &e aide of an 
inscribed regular qnindecogon. Ana. 11.475 feet. 

61. If J], .A, be tiiB areaa of two regular poljgom, the 
former inscribed iritJiin, and the latter circumaoiibed about a 
circle ; show Uiat thdr difierence ia A 1 sin* - . 



tlian the tb part of (be smaller. 
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64- If ^regolAr polygon of n mded be ioBCiibed in ft ^rclo 
of radius B, ud in Uis inscribed circU of this polygon a mmilar 
polygon be inscribed, »nd another ainiilar polygon in the in- 
■cribed circle of Uiis polygon, sjid so on, ad inf. ; show that the 
Bum of the areas of all the polygonn will be nS? cat - . 

65. If the alternate ndea of a regular polygon of n sidea be 
produced to meet each other (wo and two, and if Ji, ^i be the 
areaa of the pven polygon and of the new polygon ; prove that 



Show thai It cannot be < j. 

66. In die lut Problem, find the values of n 

(0 when J,= 3^1 ; (i) when J,= ^ (Vs-0 -*,. 

Ans. (i) n=5; (i) w = io, 

67. If , in a regnUr polygon of n sides, diagonals be dnnnk 
from each point to every fonrth point from it, taken in order, 
the polygon enclosed by these diagonals will be similar to the 
given polygon, and their areas will be in the ratio 



(,.,...gv 



What is the least value which n can have t Ana. n = 6. 

68. It all Che shntest diagonals of a regular poison of n 
sides be drawn, the polygon so formed will be similar to tbe 
given one, and their areas will be in the ratio of those in Pro- 
blem 65. 

69. Find the area of the whole surface of a triangular 
prism, each side of the base being iB inches, and the length 
10 feet. Ans. 46.949 iq. feet. 

70. Fmd the area of the whole surface of ■ cube, each edge 
being g feet. Ans. 486 sq. feet. 
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71. The Bborteit diagonal of the bue of a regular hex- 
agonal priim U 3 1J3 feat, and the altitude in ii feet ; find the 
ai«a of the lateral surface. Ani. 144 gq. feel. 

7% The area of the whole aui^ce of a regular oclagonal 
prigm it 107a Bqnue feet, and Hie area of the lateral Barfac« ie 
twice the area of the top ; find the lengtii of each aide of the 
base. Ana. 10.35 feet 

73. The fddea of a right prinn, taken in order, are 3, 4, 
5, 6 feet ; tba diagonal through the intersection of the firat and 
last eideaia 5 feet, and the altitude of the piiflm is 17 feet; find 
the whole area. Ana. $ti sq. feet. 

74. Hie baae of an oblique prism ia a regular pentagon, 
each side being 3 feet; the perimeter of the transyerae section is 
13 feet, and the length of the prism 14 feet: find the area of 
the whole Burlttce. Ana. 198.969 sq. feet. 

75. An oblique priam, the tnuiaverBe aeddon of whicb ia a 
r^ular hexagon of 3 feet in the side, is inclined to the honion 
at an angle of 72°, and ita vertical hsght ia to feet ; find the 
area of the inclined anrface. Ana. 99. J aq. feet. 

76. The sides of the perimeter of the transverce section of 
B fmstum of a prism are 3, 4, j, 6 and 7 feel, and the lengths of 
Hit edges through the interaections of tLe fiist and aecond, 
■eoond and Uurd ddea, kc. are 13, 17, 15, 14, and 11 feet 
respectively ; find the area of the lateral surface. 

■A-iB. 355.5 sq. feet. 

77. A fruahun of a regular octagonal priam is made hy two 
planes inclined to each other at an angle of 30° ; Uieir line of 
intersection is parallel to the shortest face of the &ustmn, and 
one of these planes makes an angle of 45° with that face ; the 
length of the shortest face is 7 feet, and the perimeter of the 
transverse section ia 1 8. 1 3 feet : find t^e area of the lateral sur- 
face. Ans. 163.17 sq. feet. 

78. Und tlie area of the incliaed snr^toe of a square pyramid, 
each side of the base being 3 feet, and the slant height Ig feet. 

Ans. 90 sq. feet. 

79. Elnd the area of ihe whole surface of a triangular py- 
ramid contained by four eqoal equilateral triangles, » side of 
each being 13 feet. Ana. 349.411 sq. feet. 
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so. A side of tin ban of a regular faeia^Mial pyninid I> 
i feet, uid the verticiil hcdghi 15 feet ; find tlie area of the id- 
slined uiifaae. Am. 354.19 sq. feet. 

81 . Eacli Bide of the base of a iegii1*T octagonal ^jraaai ia 
4 fite^ and the altitude ia lo fe«b; find the point in the axis 
through iriiich a pl&na mnrt be drawn puallal to the base to 
divide the lateral lurface iala two equal parte. 

Ane. 10 (/a fset &oni Uie Tectei. 

82. The area of the surbce <^ a fnutmu of & aqoare i^ik- 
n^ i« lOO Hq. feet, the petimeter of the haaa ia 13 ft. 4 inclu^ 
and the ilant heigiit 10 feel; find the area of the top. 

Aub. 4 sq. feet 100 sq. inchea. 

S3. Tiw altitude of a fniatnin of an ootagonal pyramid ia 6 
feet, and the peritnetara of the baee and top 40 and 31 feet re- 
■pectivel; ; find the area of the whole surfaoe. 

Ana. 589 aq. teet, Terj ueailj. 



Examples artd Problems on Chapter II. 

We have ahead j given two examples of the afipliuation of 
the method of ooordinatee to datemiine the araaa of plane reoti- 
linear figurea and the lengtLn of struct line*. We ibBll hare 
■how how tay oalculati™ may be verified by a simple chuige ia 
either of the coordinate axes. 

Sni^Kwe the axb o( z to be mcrved, parallel to itaelf, through 
a unit of diitanoe in the poaitive diivctian of the axis of y. 
Then the nnmerical valuea ot all the ordinatee parallel to the 
axis of y will be diminuA^d by rmt when they are afiected with 
A poaitive aign, and inertated by ont when they are a&ected irith 
K n^attve ngn. 

1, Urns, in the Example in page 36, the new valnee of the 
ordinatea will bayi = ia7, ^1=114, ys=53; and 
will stand thoa :— 

a>raa=83Xii4-.i34y4o.7 
+ '34'<53-(-6'-i)f n 
+ (-6i.s)xs<..7-83Xi; 
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.-. a«H»=J3575-e4+5.B5 = iSPi9.i5; 
.'. sTu= 7564.575 aq. fwt*, u io tha Exuople. 
^Hie itudsnt is Tecommended to verify tbe followiDg Eiun- 
plM of tu«M in tha manner we luve eKpluned. 

2. Find -the leogUi of ths stnugbt line joiuiiig the ptuntt 
irhoae ooordioates ore 

a!, = 6.4, yi = 4-S. andx,= -3.i, y>=-i.as; 
and allow thmt thi« line pamea through the origin of ooonUnotea 
and ia trinctsd in that point. 

5. The coordinKtes of the uigolar points of ■ triangle are 
(o, o), (50.56, 35.18). (50-.lfi. -iS-iS); find the area of the tri- 
an^^e, and oonsbtict it. Tbe triangle is iioecelea, the vertex at 
tbe origin, and tbe base perpendicular to the aiia 0! z. 

4. Tbs cocsdinates at the angular points of a triangle are 
(10, S), (10, e + l n/i), (7, 6+ s/il ; oonatnict tbe triangle, show 
tiurt it ia eqoilateTal, and find its area. 

6. Tbe coordinates of tbe angular points of a quadrilateral 
field are (10.15, o). (S-^'- 7'3S), (-8.75, o), (1,37. -9.13) 
chains ; find tbe area of the field in oorea, and oonal 
figaM. The axis of z is a diagonal. 

6. The oooidinates of the angolor poinla of a field u 
(7.3s. -3-S), (io.'5,o), (8.19, 7.»i), (-1.31, 5.17) ohaine; find 
its area and conatmct it. Also find the area of the aame Geld 
from the following data : — the eidee, taken in the same order as 
before, being 8.14, 4.48, 7.47, 10,3a, 5.66; and tbe diagonals 
from tbeinteisectiouaf thefirgtaad lost sides being 10.15, lO'^i. 

7. From the fi^owing enlij in a note-book, as explained in 



e (o, o). 



- 


» 


3 

i 
7 


SHI 

16.07 
7-3' 
441 


3 

i 

7 


3-*7 
4-3* 

19.J9 
8.13 



• niete li a tnxigt^liial enot In paga 36; tha nnmbn 14333.1; flumld 
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Art. I4, calcolftte the area of the figure and constmct it ; also 
find distance between tbe points (4.) and (7). The figure ii en- I 
tjxtVf clear of the axes. 

S. The ue» of a plane rectilinear figure having been calcu- . 
lated from the coardinateg of it* anguliu' points, and one of 
theae Goordinates having been loat ; show how it uwj be reco- 

S. In the foUowing form of a page of a note-book the «nf- 
fice* of X and y oto entered only once, t^e correspondiDg valuea ! 
of the coordinates being entered on dther dde. Calcnlate the 
■ ' e figuroa. 



X 




y 




- 


y 




13.3' 


, 


6,30 












- 16.J1 

- 9.61 




»4«9 




7.J1 


15.11 






T' 


3 


1J.40 


30 


4 






S8.I3 


1 


15 


»3 

7-13 


1 


\l:U 






I 


i6 


" 




" 




" 


9 


M.30 



10. Calculate the area and oonstruct the figure of, ilia poly- 
gon, the eootdinatea of the angular points of which, iu fee^ are 
- ifli, o), (ao, 3.75), (16.5. 4). (15. 7.5), (6, 6). 



Examples and Pr(Mems on Chapter TIT. 

1. Thx tollowiDg eqaidiaiajit ordinates of a plane curriliiiear 
^pire are meaiared from a atraight line 115 feet in length ; find 
the area, appTozimately, by each of the rules pvea in Chap- 

Otdinatcs— 33, 41, *8, Jo, 59, 66, 60, SJ, 57, 58, 60, 51, <3, 
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Her« i>=i4> .'. ^ — — ^ = iS.3fi, to two pUcea of decimala; 
hslf-Bum of extreni«ordiiiatei = 5^i^ = ^ = 37; 
sum of intermediate ordiDates = 43 + 48 + ... + 43-)- 40=691. 
Hence, by the Pint Bnle, 

Area— 15.36 (37 + 691) = I llSl.oS sqiure feet. 
Again, far Sinwon'a Rule, in = 14, and A— ig.36,a« before; 
sum of extreme ardinkteB=^334-4i =74* 
1 (lum of odd ordinatea) 

=» (48+S9+6<'+57+6o+43)=654; 
4 (soiD of «tw« onUoatra) 

=4(4i+S0+«+57t-i8+si+40) = i4S6i 
.*. Are»=^^ {74 + 6s4 + i456)=iii8a.oSsq.feet. 

It win be observed that the two results agree to the second 
plaoe of dedmals, or the areaB, given by the two rules, difier hj 
less than the hundredth part of a square foot, or by less than \\ 
aquare inches. It must not be oonoluded from this that the tvo 
rules are eijuaHy actmrate. The reiuan of thia close ^;reemeQt 
in tbla particular example is easily explained hy reference to the 
figure of Art 15, the upper part of which, above the line EP, 
repreocntfl the figure we have been considering. 

It will then be Been that, on account of the undvlaiing 
nature of the curve DC, the stnught linee, which complete (he 
ttapeaoids, will fall, some within and soma without the fignra ; 
and thus the rain of the trapezoids will agree, much more closely, 
with the area of the curvilinear fi^re than they would if the 
curve DC were «koUy ameavt or v^mHy convex to the line BP. 
The figure on page 41 shona this compeosation anumg the tra- 
pezoida very clearly, for it ia obvious Ihat the trapezoids, which 
are bonnded on one side by DL and £M, are together veiy 
nearly equal to the whole currilinear area in that figure. 

We may oonclnde Irom these observations that the Eist rule 
is » vety good one, when the ootvilinoar bonndai; is of an on- 
dukting natote. 
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2. The aquidiataQt otdinatM of a onrvilinMr area are o, 49, 
S7, 60, 60, 56, 53, 45, 40, 3», t3, 15, o; and thej »re aiw- 
tured from a bue line 140 feet in length : find the area approii- 

Here the ei(rem« ordinate are euli zero ; thig ehowg that 
the base lino ia ttirioiiiated both wajs in tie Cnrvilinear bound- 
ary : tbia a very frequeotlj the case in pnwtice. 

Here *= n, .". A=— =10 feet; 

Bum of aitreye ordinatea— O; 
sum of intermediate ordinatea = 481 ; 
.:, by Finil Rule, Area= 30X481 =9620 Bquare faat. 
Again, 1 (Bum of odd ordinatea) = 466 ; 
4 (anm of nvn ordinatea) = 991 ; 

.'., by Sioibod's Rule, Area=' — x 1458=9710 aquare feet. 

The two renilta differ by 100 aqnare feet, about — th of 
tiie true aiea. 

^e curre, in tlu( ca«e, ia nrholly coDcave to the baae line ; 
and it will be obriooa that the tiuiii of the trapezoids will neoea- 
larily be kaa than the true area. 

The reaolta of the two Bulea of Chapter m. may be tartod 
in the manner already explained in the Examplea of Chafiter n. 
Thui, if in Ex. I, all the ordinates be diminiahed by an«, the 
whole area trill be diminished by 115 aq. feet, whioherer rule 
may be employed; and in Ex. 3, if the ordinatefl be increaaed by 
MM (we could not diiiihuA them in tins case, without inlrodutiiig 
negative signs, tm account of the exbeme ordinate* bcdng lero), 
the irtiole area will be inoreoaed by 14a aq. fwt. 

Thns, in Ex. 1, - (sum of extr^oe oii)laabM)= =1; 

suni of intermediate ordiQateB~49i ; 

.-. area = aox493 = 9*SOi 
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3. From the fbllowing equidiBtant ordinates of a curri- 
lineor figure, fiod its area, approiiiastely, and Gooatmct the 
figure, the base line being iij feet: — 

Ordinstee— 30, 3*, 39, 38, 33, 31, 37, 41, 41, 40, 38, 33, 30, 
ij, 19. 

AreabyFir8tRulB=758o.i6;by SecoiidEule=7s6i.i6 ; and 

tbe«e differ by leu than 18 Bquaie fast, or by leea tbaa — tb 
410 



Find, approzimately, by both Rules, the areas of the c 
linear figures in the following examples : — 

13. '». 10. 13. n. 17, 14. " 



6. Ordlnatea— o, g, 13, 17, 19, 11, 17, 13, 8, 4, a: ba»e = 6i. 
S. 0rdiiiat«8 — o, 3, 7, ii, 13, 18, 11, so, ip, 17, 14, 9, j. 



9. A meadow ii enclosed on Uiree ddes by straight hedges, 
and on the remaining aide by a stream : the sb^igfat line which 
joins the poiula where two <^ Ae hedges nm down to the stream 
ia taken for a, baae line, and measuree I3. 13 dhains : fifteen equi- 
distant ordioalca tUMamed from this line to the stream are aa 

0,0.50, i-Si, J-03, 1.91, i.73j "-73) t.6o, 1.0, 1.06, 1.84, 
I.7S, 'W o-8i, o. 
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Aim> tha coardiDatea id tbe tiro opponte oomera ue 

1.16, -5.37; and 10.91, -4-13- 
From Uieae dkta find, approzuutlel;, the acrei^ of the 



10. Tlie Ggure on pige 39 repraanto an iiregfnUr polygon 
obtained by aeUing up lO poka in the bonndarj of an enclooore 
of abont JO mcrte. Beren equidwUnt ordinatea ore meaanred 
from each of the ndes to the bounduy, (those whidi are mea- 
■med to the right hand of a line being considered poaitdre, and 
thoae to the left hand negative, in going round the figure in the 
order i, 1, 3, 4, J, Ik-), and thcdr valnes are given in the follow- 
ing Table:— 



m«. 


T,aB«ol.,uMW»itordlDirt«. 


Hgn. 


i-t 


0, ai, 31. 54. 17. 'S. 0. 


_ 


a— 3 


0, 6, 17. "5, 13. 7 


0. 


+ 


3—4 


0, 3. 5. 0. 4. 3 


«. 


+ 


4—5 


0, a, 3. 5. + » 


0. 




5-6 


0, 1;, 35. *4. '9. 1' 


0. 


+ 


6—7 


0, 11, 14- '7. "S. 7 


0, 


+ 


7-8 


0, 3. S> 7. ", 9 






8-9 


0, 1, a, 3, 1. ' 




+ 


9-10 


0, 10, Ji, 15, 17. 9 




+ 




0, 8, 11, 11, 33. '0, 0, 





From theaa data, and the data of Art. 34, 
mately, the area of the enclosure. 

NoU. Tbe aides of the polygon must be calculated from the 
valnea of the coordinates given in Art. n. 

11. Squired the Mea of a lake, and its outline, from the 
following data ; — 

Five poles, marked A. B, C, D, E, are set up to form a p«Jy- 
gon which entirely encloses tbe lake. Each side of the polygon 
is divided into 10 equal parte, and 9 equidistant ordinatea are 
meaanred from the points of division to the inai^ of the hkt, 
no ordinatea Tmog measured from the poles themselvea. The 
dd«B and angles of the polygon, and the values of Ota eqiu- 
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side. 


^x- 




Aft 


S'll 


« 


no" 






18. S7, 6). 44, 




„ 




7'79 






ffi, 64, 


79. 


95. 81. Jo, S3. 


37. 


.S: 




TM 




loo" 


76, 60, 


S 


"6. 93. SS. 61, 












90, 71, 


131. "3. 104, 90. 
77. "I, 98. 86, 


47. 


99- 


HA 




A 


'90° 9'. 4'. 


'3. 




"• 



The amalL polygoDS, at the comen of the great pol^^, 
must be token into account : they may be divided into tiro, or 
three small triangles, at the most, with sufficient acouracj for 
Uie approiimadon. 

12. Apply Kmson'B Bule to determine, approximately, the 
area of a quadrant of a circle, the radius being a unit of length ; 
employing 1 1 equidistant ordinates, the first being the radius of 
the circle, and the last zero. The ordinate! may be calculated 
fron) the formula 

y being the ordinate, and x its diatauoe from the oentre. 



The result, true to 6 dedmals, is 0.7S539S. 



''75. 



Examples and Problems on Chapter IV. 

1. The coordinates of a parapet, taken as in Art. 39, are 
a!i=6'.4", x,= i6'.4", Xf=i7'.l", !e,= io'.s", ii!s=»7'.7"; 
y,=6'. 4", y,= 8'. o", y,= 3'. 9", y,= 3'. 7", s.= o'. o"; 

' denoting linear feet, and " Unear inches; find the area of the 

section. 

Taking the areas of tlie triangles separately, we find, by 

daodecimalt, 

iare»ofS-iC= 6'.4"x8'.o"-i6'.4">t6'. 4" = 5i8q.ft. 9'. 4"; 

3 areaofCii)=i6'.4"'<3'. 9"-i7'.5"x8'.o" = 78aq.ft. 1'. a"; 

1 axa^oiDAE=if. 5"x 3',7"-«>'. j">t 3'. 5"= 14Bq.fl. I'.io"; 

t area otEAP = t<^. s">'o'. d'-tf. 7" x 3'. 7"=98iq.R.io'. i"; 

sq. ft., ', ", in the iart three colunuu, denoting respectively, 

square feet, primes (or twelfths of square feet), and square inches 

(or twelfth* of primes) ; 
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.: I irea of ■ectionc^tfj >q. ft., lo primes, 3 tq. incfaes ; 

.'. mm of ■e(itiaD~i3i iq. ft., 11'. ii"= lis aqiiKre feet, 
Tery newly. 

Ha funa reiult nuj Iw obtiiaed bj dmding tbe section into 
three tr^teioicU uid two truDgle*, as in the figure of Art. 19. 
AUo, by eomputiog the values of QB', HE', and Ely, and 
thence flading KQ, aa expUined in Art. 30. 

Tho« we find KO=lt/. 5J", lery neaily, and mulliplying 
tlui b; S", we find 

t >T<ik=i43 u]. feet, 10 primes. 



2. Beqaired the deptb of a ditch, the b 
which is a trapezmd, tbe breadth of the top 10 feet, the slopes 
of the ndes % in I, and 3 in 1, and (ha aiiaa of the aeclion 146.13 



Here ^ = 146.15, at=ao, i»=», » = 3; 
.■. t46.»s=''*'' — ^■<P» 
••. (P-4W+3sr=o; 

.-. cP-48d+{i4)'=576-3si = MS. 

.■. d-a4»±is, 

.-. d = 34±is = 39or9. 
Henoe the reqnired depth is 9 feet 
The answer 39 may be expluned as follows : — 

The sides AC, BD (see fig. Art. 31) would necessarily meet 
»t a point 34 feet below AB; and the answer 14± 15 ahowa that 
the line CD is to be drawn dther 15 feet lAme or 15 fset idow 
this point : if we cooaider the area bdov this point to be i>»ga- 
tivt, tbe area of tbe section, in each case, will be 146.35 m\. Uet. 

3. Example on Art. 31. 

Given ^,=IM square feet, 0=31 feet, h=>8raet, d^pfeet. 
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Tlie 


general equBUon being 








''-'^^-^ 




we hftTB, in t!ii< cue. 






^-i'-" 


,^,(.1.-- )■ 






o.-'-iil.,„ 


Ul-x'fl 



.: 4041-1333=6833 + 4 (gSl-Ciz+a;'); 

.', 4^-6six=- 11999; 

.-, «•_ 163*= -1999.75; 

.-. *'->63«+(8i.5)'=664i.3S-i999.7s 

=3641.8; 

the other valuB of x being inadmiadble. 

Hence the breadth to be >e( od( for the top of the ditch ii 
1) feet 3 inches. 

A. The coordmatea of the trwosveiM MCtion of a Bftveliu 
bong 

o, 7; 6, 13; 14, 16; 35.S, ii-Si 3«. "; 3^8.5; 63,8: 
erautruct the seoticn and find it* *re« ; — the axis of x b^ng the 
a of the plane of the tnuuverae lecdon witii the pUlte 



o. o; '7. '7; 35. »■>; 36.J, 15.5; 41, 15; 48,11; 75, ] 
>, 8.5; 90, Sj g6, o. 
Tbe aeotioD in tbii case bebng* to tlie Fnuaian >jsl«m. 
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6. X^od the area of tlie eectaoD of > ditob, and the breadth 

111 (op ; the depth being lo feat, the hieadth at bottoni i t-S, (he 
«lape« of the mdea l in i, and 3 in i, and tbe section a trape- 



7. Find the breadth of » ditch at top ; tlie area of the aec 
(ion being 160 eq. feet, the dep^ g feet, the slopes 3 in i, and 
4 in 1, and tbe section a trapezoid. 

8. The elopea of the udee of a ditch Mag 5 in 1, and 7 in 
1, Uid the breadth at top 21 feet j how deep most the ditch b» 
th>( the ndeo maj meet at the bottoni T 

9. find the top breadth of a ditch 10 feet deep, ilopef oi 
sides I in 1, so that tbe earth eicHvated from it may form > 
parapet of the following dimeoaioDB (see %. Art. 39) : 

Xi = 6, ir,= i6, Xs=i'!.s, x,= to.s; xi=i7; 

10. In the last problem, find tbe breadth, alloning one* 
ten(h for exoees of earth. 

11. The slopes of » ditidi in front of » SeM-wbrk are t in t, 
an'l thej meet at the bottom : behind Uie work is a (reneh g feat 
wide at (he top, 3 feet wide at (he bottom, and 3 feet deep. The 
coordinates of Uie parapet are o, o; 4, 4; 10, 5 ; 11.5, i ; ij, i ; 
1 7, o ; measured as in Aft. 39. Find the breadth ud depth of 
tbe ditch so that the earth taken ou( of (he ditoh and trenob 
nia; be just suffloent to form the parapet. 



13. If one-(welftb be allowed for excess of earth, find tbo 
Talae of the breadth in Example 3, and of the depth in Ex- 

.t.pi. ... 

It. A field-work is oonstructed on a slope of i in 10, the 
directjon of the parapet being at right angles to the line of steep* 
cat deocent: •1b=I35 squsre feet, ^ = 19 feet, (he slope of CD U 
1 in 5, (he remainiog dimecaions (excepting a) being as in Ex- 
ample 3 i find the breadth required for the lop of the ditch. 



Sxamplea imd Problems o» Chapter V. 

1. A RiDTAHQULAB block of nufble ii 4 ft. (! in. long, 3 ft. 
a in. wide, md 1 ft. 6 in. deep; iti ipecifle gnvity (of the ratio 
of Ub wtuglit to the weight of ui equal Tolume of diitilled water) 
ia 4.638; and the weight of a cubic foot of distilled water iB 
61.5 lbs. rei7 nearly ; find the weight of the block. 

Here Toliime=j4>'38x3oonbio indies, 

and the weight of a ouino foot of the marble is 
5,638 X 61.5, or 164.88 Ibe. ; 
. -=-.. -.V.--.- 54 X 38 X 30 X. 64.88,,. 



= 19 X 3 X 103.0S lb>. = 5873.81 
« by Duoderanals : 



'4fL6b. 
3 ft. > in. 




f 3 iq. ft ff 

esq.ftg- 




/4 aq. ft 3', 

1 ft. 6 in. 


or 


38 ca. ft. & 
7 on. It. 1'. 


6" 



at 35 cable leet, 7 primea, 6 seconds ; ' denoting primea (or 
twelfths of euHc feet), ud " Becondi (or twelfths <^ primes} ; 
uid, similBi'Iy, "' would denote thirds (or tweUtht of seconds), 
're cuHo inohoa*. 

*' Oempsn wUh SudieIs 1, p. 393. 

<|2 



,„glc 
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Now die weight of one Dubio foot ii, aibefoTo^ i64.8Slb«.; 
.-. wcdg^tof 35 00.11=164.88x35=5870.80 lb*.; 
w^ht oT 7'=iM8k -^ =96.18 11m.; 

uid woigM of 6" = t64.88 x— 5 = 6.87 Iba.; 
,', weight of block— 5S73.85 lbs., aa before. 



The itndent who it uxiiuintod with the subject of " Notk- 
xm," in Algebn, will prefer the following method of pi ' 
be mnltipliwtioni : — 



« repnaenting tkfe» in the (caU of which the ndii ii twehx; 

.-, ToIiiine=ixii+ii-f-^-t- — ]I = 3S on.fL 7primei 6second>i , 

S. A trtutum of a «qaire pyraniicl it 10 feet in -rertioil ' 
h^^t. Hid the ndea of the hue and top an 3 ft. 6 in., mi 1 
3 ft. 3 in. reBpeoUrely ; find the TolmnA. 

By Art. 40, 
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Here t=io, Ji=(3,5)' = i»,i5, At^i^A^^^^ti; 

.'- r=j(n.»s+7.87S+s*C«!) 

= y {»S-i87S)= 83.9583 ow. a. 

Hance tke voIaiiie=84 oabio feet, Ttr; Dsuiy, 

3. Hie truiETene eeotion of m wedge ii an Uonela trung^ 
the Dde« of which are double of the hue, and the parimeter ia 
15 iiichee i ■lea, the three panllel edgw of the wedge art ij, 
17, aad 11 mohea ; find iti Tolume. 

B7 the fbrmnla of Art. 41, 

Hen A = ,^i*.j x ^.5 x a.j x 7.5 Ait. 6, 



.". F=a4.3X iB = 435.6onbiolndi«i. 

4. An embankment !■ made upon a Blopeof i In 10; t 
top <^ the embuikinciit ia horizoatkl and ita eection eTerywhi 
a trapenud ; ita greateat, hci^t above the slope ia 57 feet, t 
breadth of the top ati feat, and the alopes of tfie ridea I in 
find the Dumber of cnluc yudi in a length of 160 yaida of t 



Th*< aolid in' question ia evidentlr a piimdd; and, tnploj- 
ing Qie notation of Art. 46, and the fig. 1, «« have 



.: iW=e=aX57+»6-i4o. 



.A,oogic 



Extmpliea on C^c^^ V. 



Abo AX=f^=iT-XT=n-- 
.: SX=9, ud EE=l= 
H«noe we kwnr «> t> <t l>i> Pa i 



xi) + a6 = 



(o+i)y,=-<»6+44) 9 =3i5"qft-: 
(o+e) !>, = i (16+ 140) 57 = 4731 «l- ft- ; 
(M+J+e) (pi+pi 

(51+44+140) {9+57)="8x66=7788 nq. ft. 



67=480 (31s + 473' + 7788) cubiofoet, 

.*■ F=>8ax 11834= 101S710 cuinc foet ; 

or 7>3709S6 ea. jid*. 18 cd. ft. 

E. Tha 1mm of t, priimoid&l lolid is s iqaaie, uid the top 1 
regular oetagoD, fom kltenute mdea of which ktc paisllel to the 
■Idee of the bMo. Tbs ■Itdtnde of tho Bolid in 6 f«et, the nda 
of the bwe 3.5 feet, ukd those of the top 1 foot ; find ite volume. 

B7 the Pri«m<ddal FimiiiiU 

6T-=I(^i + -*. + *J). 

Hate 1=6 ;ii = (3.s)' = n. 15 ;.ii=4.8i84i7. Ex. 4j p. aoS- 

Alio the meui iection will be an ^ht-aided figure, the tkltcr> 
nate ndee of which will be equal to eaoh othar ; and if x repie. 
gent one of the taoi greater tides, y one of the four remaiiiiDg 



fEhig will eaailj be wwn if a jiion of the solid be drawn.) 

Henoe the mean Rsofion is the difference of two tqaana, the 
■ide of one of wMoh li (1.1 j + .; ./i) feet, and of the other .j feet; 
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.: ^ = ts.ti+9^+i=ii.ii + u.-!tS=i3.^'jS. 
SoDiM 6 V=6 (I1.3S 4-4-8i6 + 33.978) ; 

,-. 7^51.056 oalno feet. 

6. A room ia 40 feet long, it feet wide, and 15 feet htgli ; 
bo* man; onbio jwdi doea it contun t 

7. A MCtaDgulnr cietem in 11 feet loog, g f^t wide, and 
4 fM deep ; Bow manj gallons will it contain, it 377.174 cnluc 
inchea are eqiuTalent to one gallon ) 

it the ditem be made if it be 
ret 

0. If a be tbe length of each edge of a cabe, abea/ that the 
diagonal of each faoe la a -Jt, and the diagonal of tlie aolid 

10. A box, in tbe form of a reoUngnlar parallelepiped, with 
m lid, hM a imifoTm thickneaa of Uiree-foartba of an inch ; and 
tha oataide meaanrementB are 43, jj, aod 17.5 inohea ; how 
Dunj cnbea, each half "an inch In the edge, will it contain t 

11. If 177.174 cnbic inchei are equivalent to ona imperial 
gallon. End the length of the edge of a cnbe which will contain 
exttoL^ 10 gallona. 

12. If one bricl occupy a. spmoe i) inchea by ^\ by 3, hew 
many would be required for a wall too feet in length, 10 feet in 
haight, and a britk and a half in thickneu! 

tS. Each edge of a cnbe ig diminiibed by caw-tenth of ita 
length ; by how maoh ia the volume diminiihed t 

14. The 1i«gbt of a aolid six-inch cube is diminiihed by 
pneaun to i\ ; mppoBing the lateral eipondou aaiform throngh- 
ont the maaa, what will be the dinuneione of the new baae of 
thaaolidt 

16. A horae-traugh ia 15 feat long, 1 feet wide at the top, 
I foot wide at the bottom, aiul i foot deep ; how many galluna 
win it contiun when full T 

B 100 gallona be withdrawn, how many inchea will the 
wateinnkt 
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19. In the Uat problRn, SI to gmllotia Seir into the trongli 
in 3 minutea, snd 9 gillonB flow out In 4 minutes ; how long 
will it take to fill t&e troagh ; uid lioff mach water will "bxn 
puud throng it before it i> titled t 

17. Water, i foot deep, flowB tlmogfa » nictuigiilu' troogli 
4 fe«t wide, Kt die rate tA 5 milea per hour ; how maoy cubic 
feet of water will pan a giTen point in one minate t 

18. Three cul»« of metal, wboae edge* are 3, 4, and J 
inbbea reepectively, are melted and formed into a single cnbe ; if 
there be no waate in the procen, show Uiat tbe edge of the new 
cube will be 6 inches. 



21. Hie bue of a parallelepiped is a rectangle, the rid«i of 
which are 7 and 1 1 inches ; and the altitude of tbe solid is S 
inches : find tbe Tolnma. 

22. Tbe ba«e of a paraltelepiped is a parallehigrani two 
^es of which an 13 and 17 inches, and tbe angle between 
^em tefi : find the volume, if the altitude of the solid be 9 

23. In Hie last prohlem, if the angle between the sidcB ot 
the base be redaced to 30°, what must tlie altitads be that the 
Tolume may lemajn the same t 

SI, If tbe altttade and the aidea of the base of a parallele- 
piped, the volums of which Ib F, be all increased in the snus 
proportdon f - suppose ] ; show that the increase in the Tolnms 
will be eipreesed by 



-K-a'-l- 



Ex. If the linear incresse be oDe-tenth, the volume will be 
incnaaed b; one-thinl, verj nearly. 



on Chapter V. 



35. ^e BsctioD of % ouul ii 31 fset wide Kt the top, 14 
tevt vide at the bottom, and S feat deep ; how many ouino ymidi 
were exc&Tated in % mile of the oaal ! Also, if the aurfaoe of 
the water be 36 feet wide, what ii iti depth t 

2S. The ndes of ■ 
and &e length is ins 
thaToliime. 

S7> Hie tniunretH leotion of » frigat i» an itoiaelai triaof^e, 
tha Miglra at the bus brang doable of the third N^e; the peri- 
meter of the lection is 11 inches, and the length of the prinn 
it inehcs : find the Tolume. 

15 inches hy 9; and the height 

a Kptn U 30 feet and 

SO. Hie base of a prism is a parallelogiBin whose side* sra 
7 and g inchei, and the angle between them 60° ; and the altitude 
nf the priBm is eqaal to the sum of the diagonals of the base : 
find the volume. 

81. l%e transvene seotion of a prism is a pentagon, tho 
sides of which, taken in order, are 10, 12, 19, 13, and 9 inches, 
and the two diagonals measured from the inteneotion of the 
first and last ndes are 10 and 19 inches; the length of the prism 
is 5 feet: find its volame in onbio feet and indies. Alio, if the 
^titude of the prism be 4 ft. 3 inches, find the area of the base, 

33. Find the Tolome of a regular hexagonal prism, the oen. 
trvl diagonal of the base of which is 1 8 inches, and the length 
15 feet. 

S3. The transverse section nf an oblique prism is a regolar 
octagon, the perimeter bring 10 feet j and the area of the base 
is 8.71 14 square feet: show that the axis of the prism is inclined 
to its base at an angle of 60°. 

til. A square pyramid is 10 feet hi^, and the rides of the 
base are each 4 feet ; find its volume. At what distanae from 
the vertex woijd a horizontal plane bisect the solid t 

SG. The «T«iiKTig edges of a biangular pTramid are each 
t4 feet, and each ride of the base is 6 feet ; find the volumck 
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S7. The w&lli of an octagonal room are each 15 feet «ii1<, 
and 15 high ; the roof U an octagonal pyramid having a rue in 
the centre of 10 feet : find the onbical contents of the room. 

38. The repreeentative gold pjramid in the International 
Eihibition of jSSj was 10 ft. square at the baaa, and 44 ft. 9^ 
inches in height ; find the Tolnme in onbio feat : also the noght, 
if one cubic inch of gold ireigh 10.14501 01. troy; and tiia 
value, at Eo». per ok. 

Ans. VolumenMgl.jei ca. ft.; w«1gbt=tG,l63,43S ounce* 
Ttoj; or 800 tons 17 cwt 3 qn. 7 Ibe. 3.11 oz. Avoirdnpoia. 

Vahie =£104,649,738. 

S9. It WH stated on the pTTUnid, ooosidered in the last 
pmbleni, that the gold-Gelds of Tictoria had yielded an addi- 
tional qnantity, since the construction of the pyiamid, to the 
value of £4,641,348: how much higher would the pyramid 
require to be made to include tbi^ quantity t 

Am. 1 feet, tery nearly, 

40. The base of the Great Pyramid of Egypt ia a square of 
764 feel in the side, and tite jdtitnda 477.6 feet ; Snd the 
volume in onbio yardi, n^lecting the iBcqualities in the sur- 
fitce. 

41. A frustum of a aqnare pyramid of marble is 1; feet 
high, 3 feet iu the aide of the base, and 1 feet in the side of the 
top ; find it< weight if one cubic foot of the marble wa{^ 
I64.88 lbs. 

42. A triangular pyramid ia contained by four equal equi- 
lateral triangles ; required to cut off one-third of it b^ a plane 
parallel to the base. 

43. A frustum of a pyramid baa the area of ib base four 
times that of the top : show tbat its volume is seven -twelftba of 
that of a piiam which has an equal base and altitude. 

44. The altitude of a frustum of an octagonal pyramid is 
30 feet ; each side of the base is 6 feet, and each side of the top 
4 feet : and the frustum is surmounted by an octi^onal pyramid 
the altitude of which ii 5 feet : find the volume of the whole 
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iS. The arsM of tbe btwe md top of » friutam of a pyra- 
mid baing given, MidklKi tbe Bltitnde, it ii required to bUect 
the frnBtam by a phme parallel to the hue. 

4S. Talking the data of the Uat problem, determiDe the 
poailion of a plane, parallel to the bane, which ihill diriile the 
solid Into two partj having to each other the ratio at : n ; and 
-verify the reanit bj applying it to the preceding proUem. 

47. Hod the volume of a &iiHtam of a triangular prina 
the tranevena Mction of which is an squilatetal triangle having 
a perimeter of 15 inchea; tbe turn of the three parallel edges 
being 45 inchefl. 

48. A ditch i» to be made too yuda long, 10 feet wide at 
the top, and 5 feet deep ; and the slopes of the sides and ends 
everywhere i in i : find the number of onbio yards to be exca- 
yated. 

49. The roof of ■ hoaie has a rise of i in 5 ; and the eaves 
measure 70 feet in length by 45 feet in width : find tbe number 
flf square yards of slating, and the conteat of tbe roof in onbic 

[From the formula for the volume of a Jruetum of a triangular 
priim we nu^ easily dednue a general formula for detemiining 
the nomber <^ shot in a pile, whether the pile be rectaogolar, 
triangular, or square. 

"For thia pnrpos^ sappoae the tnmvenie seotioti of the solid 
to be an equilateral triangle, the base a rectangle, and the two 
triangular faces to be inclined to the base at an angle of 6a* : also 
that the numbers of units of length in each of the three parallel 
edges, the number of units of area in the transverse section, 
and the number of units of volume in the solid, are all of them 
whole numhen. 

Let JV be the nnmber of units of volume ; and oonccdve the 
Botid to be divided into iV equal oubea, and each of these cubes 
to become a sphere. Hese spheres will manifestly form a rect- 
angular pile having the same rtlatite proporldous as tbe solid 
from which they were fonned. 

Hence, if in the formula y=A — — — — —, we replace 7 
by y, Ahj F (Fhmng the number of shot in one of the trian< 
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Snlufaoai), and Ai-!-i)+i| by ^ the tmnlwr of ihot in tha 
(hrw parallel «dgM i the n 



Let n be the Domber of coorws ; then, for the recte ngnUr 

jnle, 

p being the number of b>lla in the ridge. 

For the •qaare pile, E=n + n + l, the ridge cbnmiting of <ma 
h>lL 

For the trisngnUr pih, £=n + i+i, the ridge ud on* of 
the edges at the base ootuirting of one ball eadi. 

Al«>, inillthBpilt^y=i + a + 3 + ...+« = i»?^. 

Hence the three reealting (onnnlB will be u follow :— 

B«it«ignl»r ^ Ar= g » {» + 1) (3i> + M - s) J 

SqMK sa«, ir=^ n («+ 1) (»n+ 1) ; 
TriMignUr iffle, if=g» {»+i) (n+»). 

These fonnnhe are well known ; thej are the particnlar on* 
of the genenl and macii mora limpla fonnula 



Kx. A complete reotanffalar pile ooDneta of i j oonnea, and 
there are lo ballj in the ridge : find tha nnmber in Ute pil& 



He» ^=i+a + 3+... + i5: 



IS X iC 



B=7o+* («e+ij-i)— 10+68= 



.A,ooglc 
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so. A r»ctangi])ar parallelepiped ii mt bj two plmiea whtoh 
do not meet the ends: if A,, A„ A,, A, be the lengUu of the 
four pusllel «dgu, A the area of the tnotverie Mctimi, Htd Y 
tbe Tolume of the frustum ; ihovr tlut 

Cl. The baM of a prism u a r^inlar pentagon of one foot 
in the dde; and t, fnutum ii made bj a plana paanng through 
B point in the aiil of the prina 11 feet above the base : find the 
valame. WiU the Tolnme be altered bj tanung the plane about 
the given point in anj mumei I 

6% A legnlar hez^onal pium tm out by a plane inclined 
to Uke base at an angle of 4j', and the diiCanoe of the litie of 
iDtaeeotion of the entting plane with the plane of the base 
from the centre of the base ii three times its perimeter : find the 
Tolume of the fimitnm, a mde of the base being 3 feet. 

63, Tba perimeter and altitude <A a legnlar prism bong 
^ven, determine the poiitdon of a plans which shall pass through 
one of the tide* of the top, and cut off one-third of the volume. 

If be the inclination of the cutting [Jane to that of tile 
top, tan B— — k tan — , h being the altitude, p the peritoeter, 
and n the numben of sides of the prism. 

G4. In die last problem, if the cutting plane pass through 
one of the angular points of the top, and be parallel to- the 
•hortest diagonal which subtends the angle at that point ; deter- 

S5. An octagonal stone prism stands at the foot of a 
•lojnng bank of grius which is inclined to the horizon at an 
Kigle of 45" ; the Une of inteneotion of the slope with the 
ground is parallel to one face of the prism, and one foot in ad- 
vance of it. If the prism be 6 feet higb, and 1 1 feet in peri- 
meter, what proportion of ita volume is above the bank t 

E0. Find the volume of a frnstnm of a prism from the fol- 
lowing data: — The transverse section is a quadiilateral whose 
aides, taken in order, are 7, J, 4, S inches, and the diagonal 
Ihiongh the intenection of the first and last is 7,^ inches : also 
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the lengtlu of tlie edgea, taken in the uioa order, fnun tha u 



E7. A frrutum of a, pium liaa 
uT«galai' hexagon, the mdei of irtiicl^ taken in order, are 14.3, 
II, 7-6, II, 10.7, 11.8 inches J and the diagoii»li through die 
intenectjon of the firat and laat ace 16.7, 31, S, 11.5 iDchea : ilio 
the lengtha of Oia edges, taken in the aame otder, froiu the Hame 
angnlar pginia, us ti j, 71, 77, 79,81,70 inoheai find tti« TohUM 
in onbio feet. 

Note, The figure, page 75, Tepresanta the tranarene ma- 
tlon. 

58. Taking the data of each of the laat t«o probleml^ w)d 
guppoeing one end of the fmstum to he perpendicular to tbfl 
edges, determine the poaition of a parallel plane which ihill 
bisect the solid. 

69, Und the -ndame of ft portion of a parapet from the 
foUowing datai the dimendoni Of the tnnererae laction in 
gJTen in Ex. I. page 113; and the "hnee on the plan," — ^> 
I,, fte., of Art. 45,— are im', 84', 79'.6", 8»'.6", 81.6", and 
9''-3"- 

60. The principal traverae in the oorered vsy of &t 
Uodem ajstsm of fortifioation lias raie faoe vertical, and ths 
oppoute face inclined to the horiion. The dimensioiu of tbs 
Tertical face, taken as in Art. 19, are 6', 14', 15'.G", 31/, 37'.6",- 
uid 5', 8', 4'.9", 4'.6", p'. The length of the traverse at tba 
haae is 36', and the length of the creat line 33'. Compute the 
lengths of the other "lines on the plan," and find the volniM 
of the inverse. 

61. A line of parapet, having the aame tnnarerse sectiaii 
as the traverse in the last problem, is coDtwned between tm 
vertical planes ioctined to the crest line at anglee of 30° and 70*] 
and the length of the crert line is 75 jaid*. Had the volume 
of the parapet. 

62. A piinnaid ts 10 feet in length, and the breadth of the 
base is 3 feet. The hieadth of the top at one end is 5 feet, and 
at the other end 7.; feet ; ihe depth at the entailer end 6 fert, 
and at the opposite end 13.5 feet. !Elad the volume of the 
prismcvd. 

63. A priamoidal solid is out from a prism, the transrerae 
section of which is an equilateral triangle, so that the am^lai 
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end shall ba k regulAT htnigon lumDg iU perimeter two-tliirda 
of that of the prism. Find the volume of the loM in temu of 
the perimeter and length of the prion, 

64. Tha hase of a regular piismoidal Ralid i> a dodecagoni 
and the top a hexagon, and the solid is sarmouDted by a pyra- 
mid 4 feet in he^ht. The perimeter of the base is 1 f, feet, that 
of the top 9 feet, and the altitude of the whole 1$ feet. Find 
die Tolume, 

6G, An irregolar priamDidal solid has its base • tqiu««, and 
its top a rectangle having half the area of the base. The dia- 
gonal of the top ia equal to a side of the base, and Qie altitude 
of the solid is three tJmea Uie diagonal of the base. Find the 
Tolnme in terms of a aide of the base. 

66. Find the Dumlier of solid feet of dmber in a tree the 
ends of which are rectangles, the sides of the greater being 
15 and Ii inches, and the corresponding sides of the other 
7 and S inches ; the length of the tree being 33 feet 6 inches. 

67. Find the capadty of a coal-vaggon the top of vhiclL 
meisDres 6 feet 9 inches in length, bj 4 feet 6 inohea in breadth, 
the bottom 3 feet 6 inches by a feet 6 inches, and (he depth 

4leet. 

68. A watercourse, having a fall of i foot in 400 yards, ia 
to be cut in a strught line on level ground. The aid^ are to 
slope I in I, On bottom to be 6 feet wide, and the depth at the 
upper end 4 feet. Find the number of cubic yards in the first 
n^a of the trench ; and the expense of cutting it if the cost ba 
^d. per cubic yard for the first foot of depth, 4if. for the second 
foot, and to on ; lii. per cubic foot bdng added for each foot of 

6B. find tiie number of cubic yards of earth excavated 
from a railway-cutting made through ground the original sur- 
face of which was an inclined plane running in the same direc- 
tion as the rails ; the length of the cutting being 4 cliains t j 
links, the breadth at bottom 30 feet, the breadth at lop at one 
end 7J feet, and at the other T3j, and the depths of these ends 
30 feet and 46 feet respectively. 
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tbamMlvM f>n I in 700. The em^nnkment ui atm^bt tor ij 
■nilci ; ths breadtli kt the top 19 feet, the alopeB of the aim i 
In I, and tbs hnght at the apper end 3 feet. Find the nnmbec 
ti cubic yaidi of earth raqujred ibr the emtnokmeDt. 

71> Vind the number of cabic Jaidt of earth in a portion 
of a nulway-cuttiDg T 6 chaina in length ; the fullowing- nuniben 
reprewnting the areaa, in square jarda, of a aeriea of tranaieise 
Mctiom taken at intervala of i chain: — 300, 391, 384, 176, 
ago, «73, 361, »io, aj;, a*t, »04, 187, 171, 196, 104, aij, 



72. A lailway-cuttiog !b to be made 30 feet wide at the 
battam, and the ilopea of the aides i-l in i. The depths in feel 
on one aide of the cutting, taken at intervals of t chain, are 11, 
II, 10, 9, 10, II, 14, IS, 17, ao, 11, 13, IS, 17, 30, 33, 37, 41, 
4Si 5^ 53 i '"i' ^^ cotrespondiDg depths on the opponto side 
15, 14, 13. "3, "4. iS> 17, "9. a*. 16. 18, 30, 33, 3S, 39, 41, 44, 
S'l STi ^> 5^ '■ ^^ ^^^ number of cubic jards of earth to ba 
noavated. 

The areas of the transverse sectioiu may be computed fnim 
ll» formula A = - (p, +p,) + - pj>„ h being the breadth of Iba 
cutting at bottom, and pi, pg corresponding opposite deptbs, 

73. An enil»Dl:laent is made upon a curve of 40 chaiu 
Todius, the length measured along the centre line of the rood- 
way being I a ohuos. The areas of twenty-five equidiataot 
tmiiSTene sactioas, computed from the dintensions of the em- 
bankment, taken at intervals of half a chMB, are as follovs: 
find the volume in cubic yards. 

Areas in square feet, — 17s, 193, 106, an, as4> a76, 301, 
33', 335. 346, 357i S^', SS^i ■4O4. 4ai, 447. 433. 4'5, 401, 387. 
356. 330. 3'5. »9>. 'S6- 

7J. An embankment ruus in a straight line, for half a nule, 
anroas a slope which has an inclination of 3o° to the borizra ; 
and tlie direction of the embankment makes a horizontal angle 
of 70° with Qxe steepest line of docent. The greatest height of 
the embankment above the slope, on the centre line of the liMd- 
*A7. >■ 54 '(^^ >(■ breadth at top 30 feet, and t^ alopea ot its 
■idea i in i ; find the number of cubic yordg of earth in it. 



Examples on Chester VII. 241 

76. Two curved portloiu of a niltn; embankment, s&ch 
haviDg a nuUua ot 6a ohaina, and nude on lerel graund, meet 
in » point (a caap) in the line joining their centres of curvatois. 
Supposing the top of the embanbmedt to be 33 feet abore the 
groond, tiie breadth of the top 30 feet, and Uie elopes of the 
sides 14^ in I ; End the volume contained between a vertical 
plane paaaing throngb the centres of corvature and two other 
planes pauing through these points and inclined to the former 
•it angles of 45°. 

7S. In the 1b8( problem, if the ground fall i in so in Hie 
direction of a line perpendicular to the line joining the centres 
i find the Tolnme, the other data remaining as be- 
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1. A. gravel'Walk, of uniform width, is to be made ronnd 
» droular basin of large dimensions, filled with water ; find the 
area of the walk from dimennons taken with a jard measure ; 
and the diameter of its outer circumference. 

Knee a jaid meaaure only ia to be used, we cannot measure 
the diameter of (be basin directlj. We must therefore meaaore 
the breadth of the walk and Mine olhtr line on the ground. The 
most convenient line will be that which is at once a chord of the 
onter drcomference oC the walk, and a tangent to the inner 
circumferenoe. 

Let la feet be the length of this line, and h the breadth of 
the walk ; and aappose S and r (he radii of its outer and iuiier 
circDrnferences ; 

Also arsaof walk = T«'-Tr' = T(fl*-»a) = To'. 
Hence the area of the walk is known when we know the 
lemgdi of (he measured chord la. 

To find the diameter of the outer cirnunfeTonce of the walk, 
o"=JI'-r« = (flfr)(£-r) = (jfl-A)A, 

.-. "--^^ 
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„ a' + i" 
.". diameter = IB = — t — • 

3. The chord of a segment of a circle meoBurea no feet, tbe 
vened aine 14 f«et, and the arc 156 feetj find the area of the 
legTDsnt. 

By tha laat formula of Art. 71, yn have 
__ a'(c-a) + K'(c+a) 
ik 
Here 0=60, <!=78, i = n; 

_ 3600x18+144x138 
. . area ^^ 

= 300x9+138x6 
= i;oo+8i8; 

.■. area= 3538 aquare feet. 

The limpUcity of the calcnlatdoa in thia oaae ahowa the ad- 

Taatage of tatamring the arc whenever practicable : the length 

of the aro can, of course, be calculated from the chord and 

vened sine ; but this calculatiaiL ta alwaja tedioos and tenable- 



J = ^{o'+ft« + W)d 



and find the nmneriesl valoe of A i*hen 39=100, £=30, mm! 
A'=4.5 feet. 

The face of the arch will eridentlj be a sector of a drcolai 
annulns: hence, by the fannula of Art. 71, if 3(7 and 3C repre- 
sent the lengths of the upper and under anrfaces of the arch. 



A=ita+v)^=(o+c)h: 



7=(r+AT B, mid earS; 
.-. A=h'{tr+h')9. 



0, Google 
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-"C^-> 



Bj the formuLk jnEt prorsd, we hftve 

jl = — (»soo+9oo + 3oX4.5)am-'— ^ . 

30 ^ " ' ' ^*" 1500 + 900 

=f- (1500+900+ 135) ■in-'l^ 
=530.36™"' — square fort. 

Sow the symbol Bm~' ~ Tepresenti the circiilir meMore of 
the angle whose due !a -~; let a: be the immber of d^reea, 
nunntefl and saoond^ in this angle, a ita drcular meaanre ; 

.". — = — , - bfflng the o. ic, of a right angle. 

Now Knx=-^; .: Log^z=io+1og ig-log 17 
= 9. 9456+14 

= Log»n 61' 55*39"; 



■p z=6i»5S'39" "» fSi'-psrS- 
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.'■'<■'_" '■■»'".,.,g, 

to two plwxs of dediDBli. 

Hoiioe ^=530.35 X 1.08=571.67 sq. feat. 

i. A Inna i> formed by the inteiaection of two equal circla, 
the rarcmnferenoe of e>ch putlng thnnigh the centre of the 
other; find the arsK of Uie lune and ibe length of the canunon 



nien. Art. 73, »«» of IniiB = iJ(r-3S + sin ifl)- 
Now bj the geometry of the figore, we have 

eaiB=' = ~; .v fl=-; anddll«='^. 
r a 3 ' 9 

.-. Bmi0=imndcoa0 = ^. 
Henoe area of lune = f^ (,- ?^ + !^) =r^ (? + ^V 
To find the length of the chord, we have 

c=arrinfl=ar — =r^. 

C. The minor siii of an ellipse is taken for the latus-rectnm 
of • parabola, and one of the foci for its vertex : ooiupBTO the 
areas of the two portions into which the ellipee is divided by 
the parabola ; and find the eicentiicity of the ellipse that the 
problem may be posdble. 

Let la, ih be the major and minor aies of the ellipse, ip the 
distance between the foci, and ^i. A, tbe areas of the two 
portions of the ellipse, A 1 being the greater. 
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Now by t, property of tho ellip«« 
and by t, property of tha parabola 



Again, 1st e b« lli« excentridty of the ellipie, 



HeDce, tbe problem will be poeetble (that ia, a parabola 
may be described Laving one focus of the ellipse for ib vertex, 
and the minor axU for it* latoB-reotam) when the exoentiitntj 
of the ellifae ia ~-: ; and the i«tio of tbe areas A.i, A. will 
b« as abore. 

6. A perfectly flexible rope, of nniform tliiekDen, is coiled 
closely upon a level floor. If the diameter of the rope be la, 
show that the length of the first n complete ooils will be 



It will then be eawly «een by a Bgnre that the Gnt oom- 
plete coil will oon«at of two semi-circular portions whose radii 
are a and la ; tbe seoODd, of two portions whose radii are ja 
and 40] and so on. 
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Henoe the lengtli <tf the lateral ^ra + tra, 

and... =3x0 + 41™, 

3"^ --- =5«-o+6Ta, 

.-. ImgUi of first n «d]t=Ta(i+9 + 3+ — +3n) 

= »o«li«+i). 

Wa hkTe given thi« eiAOipIe ftt leogili because the enrre in 
question i« not obriouily t, cue of the invalute of a regnlu 
polTgooi siuoe do polygon cui have less than threti-side*. IT, 
however, we sappose a straight line to have two sides, and 
oondder it as a rejufar polygon of («o tida, the general for- 
mula which wa liave obtwned in Art. 77 (1), will be applicable 
to the present example. 

B7 that tbnnula, wa have 

length of first r coils— ror [rtt+ 1) ; 
and here we hare to replace r (the numhei of coils) by r, said 
n (the number of.ndes of the polygon) by 1, when we obtain 

length of first n coils = ma (sn + i), 
the Mine result as before. 

If the coil commence at some distance from the centre^ ila 
length >nay be found by taking the diSarenos of two ciula, each 
eonunanoing at the centre. And if the number of c<ala be not 
a whole number, the Inction of a coil above a whole nomber 
of coils mnst be taken into account aepuately. 

Thcce are tnany applications of the example we have oon- 
•idered ; mch as a watch-spring, closed ; a roll of paper ; an 
electro-magoetia coil of wire, where the coil is aU in one plane. 
The case of a cinl of wire npon a cylinder is a particular case 
of a spiral spring, the genenQ case of which has been invsa- 
tigated in Art. ^^ 

7. Show that the area of the (r+i)"' convolution of the 
involnte of a regular beiagon is double of the area of tbe 
(ir + 1)*'' convolution of the involnte of an equilateral triangle, 
if the perimeter of the hexagon be double of that tA the 
triangle. 
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SDce the perimeten &rt u i to i, (be iid«t ot tlia triangle 
and keugon are equal 

Now, by Art. 77, the area of the (r+ i)"" oonTolatiini ol the 
involute of a regular polygon of n sidGB ia 

xo**! (im-f-i), 
a being the length of a aids. 
Henoe, for the hexagon, 
»re» of (r+i)"' oonToluUoil=»-lrtS(jf«S + l) 
= w«(7w+6>! 
and for the eqmlateial triangle, 

aran of (jr+ i)*^oonvolotion=io'j Ji (if) 3 + 1! 
=»a*{36r+3). 
Now nnce f^f^ 6=j{j6t+ 3), 

whatever r ma; be, the area in the one caae is double ot that 
in tha other. 

Thus, the area of the 3rd oonvolution of the involute of 
the hexagon ia twice the area of the 5th convolution of the 
involute of the triangle ; that of the 4th twice that of the 7tli, 
aadMoa- 

S. Determine the angle thmu^ which the itring, whioli 
dnHcribes the involute of a circle, mnat revolve, ao that the 
area of the involute may be twenty timea that of the oirele. 
For this problem we ahall employ the formula of An. 79, 

where a U the radius of the drcle, ^, the whole angle de- 
scribed by the atring, S^ the length of the string unwound, 
uid 0=01 — IT. 

Now -Ht=i>0, A*,=a0,=o(0+iT) 

.-. Awa=^{{0 + «r)"-0'|. 

Hence, by the oonditdons of the iaY)hlem, 

^{(0+«)'-0'} = loTo'; 

.*. 3#'ar+304«'+8H = iior. 
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=^10- 3.1898681 
= 16.7101319; 
.■. ^+»-=±4.o878; 
.'. ^, = + iT=r±+.o8;8; 
.■. ^, = 7.11939. 
Tlua laat Dumber rapreeenta the drcnUr meuare of the 
angle : the Dumber of degrees will therefore be between 4 1 3" &Dd 
414°. HeDce the strii^ must describe one complete revolution, 
and, in addition, an angle greater than 53" and leea thui 54'. 

6. The diameter of a drcle is 10 feet 3 inches ; find the 
area trns to a square inch ; and the circumferenoe trtia to a 
tenth of an inch. 

10. The circumference of a circle being 10 chains ; find 
the diameter of another circle which has half the area of the 

11. If a drcle contun one acre, ^ow that its diameter wiH 
be I chain 56.8 links. 

12. Find the coat of turfing a dronlar gniaa-plot of 50 feet 
in diameter, at 6d. per square jaxA. 

13. The drenmferenoe of the circular basin of a foontun 
measures 171 feet on the outdde of tike masonry, uid the 
thickness of the masoni; is 30 inches : find the area of the 
aorface of tJis water. 

14. Ad obstacle sUmds over the centre of a cirde so that 
a diameter cannot be measured ; find the area of the cirole from 
three chords vMob form a triangle. 



B with that of a cnrcle 



17. Compare the areas of the rarclea inscribed n 
oiicnmscribed abont an equilateral triangle. 
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18. If k circle be tiucribed in ah equilfttanl trikngle, ma 
eqtdlater^ tiiangle in this circle, aimtber circle in tbie triangle, 
and BO on contieiully ; find the limit of the nua of the areai of 
all the inrcleB. 

1 9. li^nd the area of a lector of a caide, tlie tadiiu bang 
3 feet, and the angle i lo". 

20. The arc of a lector U 33 feet, and the radius 30 feet ; 
find the area. 

21. Find the angle of a sector the radiui of whiob ia 60 
feet, and the area I3j iqoare feet. 

22. Two iscton hare equal areaa, and their radii are is 
3 to I ; show Uiat their angles are as 4 to c . 

2S. If the area of a sector be 99 square feet, and the 
length of the arc 9 feet ; find the radius, and the angle at the 

2i. The chord and Teraed eine of a sector bung 1 J and 9 
inchea rHpectirel; ; find its area. 

Pind the area of a segment of a circle — 

25. When the radios is 3 feet, and the angle at tie 
centre 60*, 

26. When the radius is 30 inches, and the angle at the 
centre 36^ 

27. When the nuliua is to feet^ and the circular measure of 
the angle 1.4. 

28. When the chord ia 10 feet, and the versed sine 10 feet. 

29. When the chord is iij feet, and the angle at the 
centre iil°. 30'. 

80. When the chord is 100, and the radiua 80 feet. 

31. When the arc meaauree uj feet, and subtends- an 
angle of no". 

32. Show tJiat the chord of a quadrant divides a cdnile 
into two parts, the areas of which are in the ratio of 10 to i, 
vo>y nearly. 

38, Three equal drcles intersect each other, so that the eir- 
cnmference of each passes through the centres of the other 
two: find the area of the figure common to the three drcles. 

Si. Three equal drclea touch each other; ihow that the 
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uea of the ap»ce between them Ur'l^/3 — 1, r Wng tlia 
ndhii ol ths circlea. 



37. The chord of a tepna. 
the Terwid siae 19.19, and the 
of the segment. ' 

SS. A drcnUr srch of 100 feet span rises 13.4 feet, and 

the ImgQi of the arc U 1O4.71 feet: find the area of the head- 
way above the chord line. 

3B. A circulaj- arch haa a clear span of 140 feet, and a 
clear height of ig feet : the thickness at the crown ia j feet, 
and at the abutments 6 feet 3 inches. The back of the aieh 
is also an are of a circle, and measures 164 feet 6 incha: 
find the area of the face. 

40. A pointed aroh ia formed b; two eqnal ciroolar teg- 
tnents, the radius of each being equal to the sp&n ; find the 
Area of the headway. 

41. Two equal segmenla of a circle form a pointed aidi 
whose clear span is 50 feet, rise 30 feet, and length 85 feet ; 
find the area of the headwaj. 

42. A band passes round two wheels, and crosses between 
them, and ia kept stretched ; if the distance between the centre) 
□f the whe^ be a, the aum of thur diameters ie ; show that the 
leo^ of the band will be 

Also find the whole area enclosed hj the band. 

43. Find the length of a band which just passes round 
three wheels, of unequal radii, whoae centra are at the angular 
ptnnts of an equilateral triangle ; and find the whole aies 
enclosed by the band. 

44. Und the area of the cone o£ a oirele, contMned between 



Ewamplea on Chapter VII. 251 

two panJIel ohords whoge lengtlu ore 96 and 60 incibei, and theiT 
distance apart 16 iDches. 

Area= 1 136-753 nq- inchei, to three places of decimals. 

45. Find the area of a zone of a drcls vhoae pai«llel tidei 
aie 30 and 15 iiicbee, and their djatanoe 17.5 inchei. 

-^'0'^ = 39S"t37 "l' 1^^ ^ three places of dednills. 

id. If the diametras of two ooncentrio circlei which form an 
Annaliu ^ 30 and ti inches, ito area will be 30i sqnare inchM, 
very nearlj. 

47. The enter diameter of an annuhis Is 9 h<A, and the 
breadUi g inches : find the area. 

4S. If e be the length of a chord of an annalns, which also 
touchM the inner boondary ; show that the area = r — . 

49. If p be the mean radius of an anunlus, and b i(a breadth; 
show that the araa=srf)ft. 

50. A dronkr hole is to be cat in a drenlar plate, ao that 
the wmf^t tDay be redooed one-third : find (be diameter of the 
bole. 

51. Three men have equal shares in agnndttone 3 feet in 
diameter, and tht^ agree not to grind down more than p inehea 
in all : what part of the diameter may each man grind down I 

C2, A BeotOT of an annulus is 7 inchet broad, and it« bound- 
ing mre» ai«45 and 11 inches : Imd its area. 

S3. If a dronlar arch, compoBed of 5 rings of brickwork, have 
» clear span of 30 feel^ and measure 57 feet on the back ; find 
ita riae, and the area of itti face, supposing the depth of eaob 
brick to be 44 iiKdiea. 

5i. Two drckfl whose radii are 11 and 9 inohea inteteect, 
and thor common chord is 11 inohes ; find the areas of the two 
lanet farmed by them. 

GS. The DonunoD chord of two pircles which intereect sub- 
tends an angle of 60° at the centre of one circle, aad an angle of 
I2<fl at the centre of the other ; and the length of the chord is 
If inches ; find the radii of the circles and the areas of the lunea. 

56. One circle paeses through the extremities of a diameter 
of another, and bieecte a radios at right angles ; find the areas of 
the lunea formed by the circles. 

57. Two equal circles, which have a radius of 19 inchei, 
have a common chord of 9 inohes : find the area of eitliBr lune. 
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58. If ths area of the lune formed by the mtenecUon of two 
equal cirolea be half that of either cdrde ; and if le be the length 
of the oommoD ohord, and r the radioi ; prove that 



iV'- 



59. If semiiarcles he described upon the udes of a right- 
•O^ed trinngle, the BUm of the areaa of the two lunea thus formed 
will be equal to the area of the triangle. 

60. Find the area of the space which is common to font 
equal drcles vhich intersect each other, their centres being at the 
angular points of a square and their radii equal to a aide of the 



62. Construct an oval from the fbllowing data, and find 
ita oircmnference and area ; — 

Take a horiiontal line AB=30 feet; bisaet it in g, and 
throvgh S draw an iadeGuite vertical line. Take EG (upwards) 
= 7, 0H=4; and Ji? (downwards) = 8 feet. JwnAG, BO, AF, 
Bp, and produce them indefinitel; beyond the points O and F. 
Id OA, GB take GIT, OK' each equal to 5 feet. Join KS, 
K'B, and produce them indefinitely beyond B \ and in AB take 
.JJ^ equal to 95 feet. With centre .J and radius AL describe & cir- 
cular aro terminated by ^i'and AG produced, and with centre* 
F, B, K', B, and JT describe a series of circular arcs so aa to 
form with the first a continuous curve. 

63. From the following data a section of the Kilsby INuinel 
on the London and North Western Bulway may he constncted 
and iti area found : — 

Take AB a horizontal line iB' in length ; hisect it in O, and 
through draw an indefinte vertical line. Take OC (upwarda) 
= 3'. 6", CP=i'. 6", and FG=i)' ; and OJ'(downwards)= ii'.4". 
Join J (7 and in it take CK= CF, and produce ^ C and KF in- 
definitely. With centre F and radius FG describe a circular 
are, and with centres K and A describe other arcs forming with 
the first a continuous curve: with center G and distanos QH 
describe an aro forming th« base of the tunnel, imd interaec&ig 
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64. Find the am of ths cIAr headway of a mm-OTal arch, 
eonatmcted u follows, the npan heing i lo feet : — 

Take AB horizontal and equal to no feet; bisect it in B, 
and draw EQ vertically downwards, and equal to BA . Biiect 
EO Kai EA IB. P and S\ join FH, and in it take HK=HE, 
and join QK. With centrea S, E, Q, and two other oentrei 
(rynunetrioal with K and H about the line EP, conitniot the 
•emi-oval terminated at A and £. 

tm. find the ana of an elllpae whoie axes ore 30 and lo 



6S. Th» major axis of an ellipse is 37 inches, and the dij- 
ince between its foci 19 inches : find the area, 

■ aiiB 15 feat in length, and its 



68. Find the area of an elliptic annulus formed by ty 
lor oonoentiic ellipses, whose axes are given. 



72. If the area of the double lune eontuned between on 
ellipse and the cirole on its mfjor axis be twice the area of 
the double lone contained between the some ellipse and the 
<ansle on its minor axis ; show that the ratio of tie axes will 



73. The clear span of a lenii-elliptio arch is 96 feet, and 
the clear height 31 feet. The thickncH of the arch at the crown 
is 4 feet, and at the springing J feet 6 inohee : find the area of 

74. The axes of an ellipse bdng 45 and 57 inches ; find the 
are* of a segment cnt off by a line parallel to the minor axis, 
the hdg^t of the legment being 10 inches; and compare the 
area with that ot a s^^ment, of the some altitade, cut off by a 
Una parallel lo the major axis. 



'"SI'' 



254 Eumnplea on Chapter VII. 

7G. An dUptio tegaieot ii^oat off by a line pturaOel to tlie 
miooT axil : the height at the Begment ia 5 inches, its b*se 10 
inches, snd the major axis of the ellipse lo inches i find the 
area of the Bsjmaiit. 

76. If the tniaor azia of an ellipse be the major axis of a 
nmilar ellipse, and the miikor aua of this ellipse the major axis 
of another similai ellipse, and so on ctmtinoally ; show that 
the Bom of the areas of all these ellipses ad. inf. niU be 



« and J> buDg the Bemi'Bxe« of die given ellipse. 

77- A s^ment of a pu-abola is cut off by a Bti^ght fine, 
perpendicular to the uia, 15 inches in length, and the height 
of the segment is 4.5 InchM : End its area. 



79. ^e base and altitade of a s^ment of a pctrabola, cut 
off by » choid perpendicular to the kxis, being given; it is 
raquired to bisect it bj a parallel chord. 

BO. It a tnrole touch a parabola at Uie eztremilies of its 
Istus-rectum, fnd the area of the parabolic lime contained between 
the drde and the parabola. 

SI. If a circle be described on the latns-rectam of a para- 
bola as diameter, find the area of the parabolic lane contuned 
between the drde and the parabola; the latos-reotum bcdng 

82. A parabolic arch has a dear span of 30 fee^ and 
a dear height at 45 feet, and its latus-rectnm is 10 feet ; if the 
thickness of the anih at the crovrn be 3 feet, find the ai«a of 
its fitce. 

83. If }i, , pi be two ohotds of a parabola, parallel to each 
other and perpendicular (o the axis, and if c be their distance ; 
show that the area of the paraMlio zone between them will be 

fl ^ yi'+PiPi+Pi' 

3 J>i+J'i 

81. Il^d the area of a segnirait of a parabola, cut off by 
a focal chord inolined to the axis at an angle of 60°, the latoa- 
rectum of the parabola being 1 1 inches. 



Examples on Chapter YII. 255 

&5. If a be the Utui-rectuin, and the iiKiliiifttian of the 
chord to the aiia ; find > general eipreaiion for Che area cd 
wgmcitt, and apply it to tha preceding Example. 

86. A focal chord of a parabola ia trisected in the focus ; 
Snd the area of the segment cut off bj it, tho latUH-reotum 
being given. 

87. An ellipse and a parabola have one fociu common, 
and tho other focus ri the ellipse ia in the vertex of the para- 
bola J alao, the latns-rsotum of, the parabola is equal to the 
major axis of the ellipse ; find the areas of the two portions of 
the ellipse, one on dther side of the pantbohi. 

68. Find the area of the first coDvolation of the involute of 
an equilateral tHangle whose perimeter is ij inches. 

89. Find the length and area of the third convolution of 
the involute of a square whose perimeter is to inches. 

SO. The onta of tiie seventh convolution of the involute of 
a T^ulu' pentagon is 15 square feet ; find the length of a aide of 
the pentagon. 

61. TvaA the length and area of the involute of a regular 
pentagon, after the string has made 10 revolutions, the perimeter 
of the pentagon b^ng 11 feet. 

62. Find the length and area of the involute of a regular 
decagon, after the string has been unwrapped &om ji con- 
secutive udes of the polygon, the perimeter of the polygon being 
15 inches. 

93. The aides of a regular polygon are 1 inches in length ; 
and the area of the involute after the string ban made 1 1 revo- 
Intions is 13G.7 square feet: find Uie number of sides of the 
polygon. 

84. In the involute of a regular polygon, it ^r+i denote the 
area swept over by the string during ila (r+ i)** revolution; 
show that 

ia constant for the some polygon. 

95. Deduce the general expressions for tiia length and area 
of the involute of a circle, in Art 79, from the data of Art. 78. 

96. If the radios of a circle be 6 inches, and the length of 
the string unwound 36 inches; find the area of the involute 
described. Will the string have made more or less than one 
ravolntion t 
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97. f^d die area sod leDgth of the involnta of » circle 
Those dbmeter is lo inches, after the string hsa made 5 com- 
plete rerolutioiis : also find the lengUi and ares of the fifth con- 
TolntiaQ of the same inToIute. 

&8. He itring irhicb describsB the involute of a <nnlls 
mikee J.i rerolntions, snd the length of the string then nn- 
WOond ia 84 inches. If the angle described by the string ba now 
inoreMed by 300*, find the area of the portion of the involate 
boDnded by the first and last poutions of ths string. 

99. find the length of the involute of a circle, aitcr ths 
string has described 6 revolutians and an angle of 36°, the 
length of the string unwound being 9^.75 inches. 

100. If Cut dmiote the length of the (r+ i)^ convoliition of 
the inToInto of a circle, and e the t^rcumference of the drde ; 
■how that 



101. Find tiie length and area of a cydind, the diameter tA 
the generating circle being 4 feet % inches. 

102. A straight line ia drawn through the oentre of the 
generating circle of a cycloid, parallel to its base : find the 
length of tbe arc of the cyoloid abore this line. 

103. Tind the area contained between a cycloid and Its vn>- 
lute, the diameter of the genemUng circle being gireo- 

101. In die figure, page iiS, 'dAB, AC be taken for the 
■emi-aies major and minor of an ellipse; compare the area d 
-the ellipse with that of the cycloid. 

IDS. If cycloids be described on the sides of a rigbt-uigled 
triangle as bases j shew that the area of the greatest wiU be equal 
to the sum of die areas of die other two. 

106. A cydoidal arch is contwned between two cycloids 
which have their baaes and axes coincident ; the clear span of 
the arch is 74 feet, and the thickness at the crown 33 incbM: 
find the area of the face of the arch. 



108. A straight line is drawn through a given point in the 
axis of a cycloid, panllel to its base: find the area of the m^ 
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mmt cutoff by it. If tiMpoint be at k diatonee - AC thave A, 
fig. of Art 8o,ilu>wtli«ttlieu<kof theugti>eDt=-^JC!*^. 



110. Tmi. tils area of > ugnuint of % cycloid, cot off by a 
stntigiit line, parallel to the aiiii, paaiing tluoagh a given pcool 



Examplea and Prohletna on Chapter VIII. 

1. Il a apbeiical shell, when formed into a »lid ajdiere, 
be «qaal in Tolume to ita own caritj ; irhat most be the Ihiok- 
new of the ahellt 



Then r=i«-{^-fJ). Art. 54. 

Alio F la the Tolame of the cari^, 



Hence lp-t*=t'; .-. ^ = 1,*, and r= -^ 
Nov the tbioknew of the aliell is R-r; 
,; thiokncaiof fiheU*=£--^ 

finbititntbts the vdnea of ,^«nd ^1 we find 
Uuabnea of shell = JI X o-m6«9. 
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2. A hollow cyliodar of out inm, lo feet in Imgtli, ud 
6 feet in diameter outside, H plaoed on end and loaded umfixiiily 
on the top witli ■ weight of 30a ton* ; determine the tMoknesi 
of the metal eo that the pRunre od the baea may be one toa 
per (qnare inch ; the w^ht of a cubic foot of the iron busg 
441 lbs. 



Now area of baie = «- {3*- {j-Q'J squaiefeet 
= I44r(6l - f^ square inohca ; 
.'. volume ef cytinder = tor (6I - (*) cubic feet ; 
,'. weight of cylindeT=la X 44rir(6f- 1^ Ibi. 

=■ »■ (61 -(•) tiinH. 

Hence we havs 

i44»{6< - (^ = 3<x»+ ^7^ '(«-*^i 

■■■ {•44-y7^)t(6*-i^=3oo. 

Taking r= — , this equation beoomes, after rednctiin, 

.: ( = 3^ti.8874. 

The poaitJTe aign is obTiooBlj iiuulnunible ; (herefora tbt 
valueof lis 0.1116 feet, = 1.5311 inches. 1 

Hence the tluchnera ia nther toore than 1} inchea. 

We maj now find the wei|^t of the ajHaderby saliatitaliDg 
the value of ( (in feet) in the eqiution I 

w+30O=.i44«-(6(-l7|j 
for which we obtain «= 18.115 torn. 



0, Google 
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3. A luuti7 BpIieTa ii pbtoed in a hallow dnnlAr oone 
whoae axis ia T^tical and vratez downward!. The mtermedi&te 
■paoe ia filled with water, which just coTsn the ipfaere aa it 
begina to flow over. If the aphere be witbdiawn alowlj, find 
the depUi throagh which the water will liiik. 

Lat la be the Tertioal angle of the cone, and h its sltitnde ; 
I* the Tsdiua of (he aphere, and x the depth through which the 
water aiska when the ajdiere ia witiidrawn. 

We ahall have 

~ * "' " ""^ r+rana' 

■^ . . . 4.4 A*nn'ci 

Volume of sphere = rr'= ~ r : — 75, 

•^3 3 (i + amo)' 

Now the Bpaoa left emptj when the aphere ia withdrawn 
ii a fnutum of a cone, the radLi of ita euda baisg A tan a, 
sod (A - x) tan a, and ita altitude x. 

Therefore Tolane of Una apace 

= »" !i'tan'a + (l-a:;)»tan"a + A(4-l)tan»nj 

= -itan«a{A'+ft(A-i) + (A-«)»); 

and the Tolume of this apace ia equal £0 the Toluine of tbe 

.•..t....(3S--3».+^)-jf^.- 

n whioh will datermine x when h and 
Ex. Lot A= 10 inches, 0=30*; 



^(3Xio'-3xi«-l-*^ = ' 
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3 ^ \l) *7 

Tbii eqa>tiaii miut li«ve at Wat onepontiTe rooi; and, 
frem the oondilioiui of the |avbl«m, we see that x ronlt fie 

iMtween o and r, tb^ il, betveen o And " ; z = o uukea the 
left-hand memher negatiTe, and x=i makee it posittTe ; then- 
fore the root in question lies between o and i. It ma; be 
ibnnd bj spproximatioii to be 1.77936. 

Hmoe the water will dok through r.8 inches, very norlj. 

4. A ipherical shell of piea material floats in water : if Uh 
ndini of ^ shell be ginn, and the depUi of the segment im- 
rneraed ; show how to find the thickness of the shell. 

Ex. A catt-iron sheQ, \t inohea in diameter, and 10 indM 
immeised, the fpecdflc gravity of the iron being 7.05. 

Let A be the radius of the shell, x its thickness, and k tb 
depth id the segment immersed. 

B the tpeoiGc gravity ctf the material, ^ that of the watir. 

Then weight of ehell=- «-S{iP -(«-*)•!. 

A^D, the water which the shell displaoes is a segment of > 
■pbcre^ the radius 0! which ia R, and the height h ; 

.: weight orwaterdiipUoed = «-a'i'ijI--j. 

Now when a body floats, at rest, in a fluid, the weight d the 
floid which Uie body dieplacsa is equal to the weight at tin 
whole body*: henoe we have 

This is a eabic eqoatiou fbr detentiining x when B, k, BuA 
8 are giTen. . 

.05 ; and, if the watvU 
o- = i. I 

* m> priDdpla mnM be ainmed Is bH problsDU of lUi natna 

, C..,og,. I 
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.-. iSM.8-7.o5{6-x)»=ioo; 

^ ' 7-oS 7-05 

.-. 3 log (6-x)=]og 1311.8-log 7.os=i.i7330Si; 

.-. log(fi-4=o.7S7768t=log5.7i49; 

.-. 6-11=5.7549; 

or 2 = 0.3751 inchu. 

6. A Cfliadrica] pontoon with hemispberioal endg is cod- 
struoted of sheet iron ^ in thickneaB ; the extreme length of the 

pontoon is 20' 8", and its outside diamster 1' 8". Find the 
veight which the pontoon will support when half inunersed, &nd 
the greatest load which it can bear ; assuming the specifid gra- 
vity of tbe iron to be 7.7, imdthe weight of a cubic foot of water 
to be fij lbs. 

Let W be the wdgbt which the pontoon supports when half 
immersad, W, tbe weight of the poutooD, and W, the weight of 
the water which it displaces ; 
then W,= Wi + W (i). 

And if If" be the greatest weight which the pontoon can 
support, 

iW,= Wi-t-W (5). 

Mow area of sectioii of pontoon 

!=x^sq. inches; 



-ij' 



- cubic feet; 
and hy Art. 94, (i), 

Tolume of hemispherical ends=4ri6'x g- cubic inchet, 
=r~— — i cubic feet. 



,„glc 
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.'. Tolnma of iron in the pontoon 

ij»t 64 1 1 

= -^ X 7611.4115 Ib8, = 87i.i(i Iha. 
Agtln, Tolotne of nter di>pUeed= - Tidunie of pontoon. 

= ^ X 30379-fi lbB. = 347958 Ibfc 
■Andtiyli), H'=ir,-H',; 

.-. IP=3479.s8-87i.9i=j6o7.67lhi.; 
or,' W=i.i6tioaa. 

To find B" WB h»ve, from (1), 

and from (i), i»',=aB',+iW; 

.: W=87i.9i + saij.34=6o87.i5lbfc 
OP, »r=i,7i75toii». 

6. A venal in the fonn of an inverted fnutum of a ixiae, 
open at the top, is let upright and filled with water. If the 
Teaael be gradual!; tilted uatil the bottom b^iiia to appev 
above the water, find how mnch of the water will flow out ; ind 
how lu^ Hio remainder will riae in the vessel when it ia aet up 

Hw necoaaai; figure for the problem, ma; be coottnictcd m 
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Let J(7bethebotb>muul£i>lhetoportlievwael, A bong 
tbe lowtat point of the bottom, and B of the top, when the 
TMael k tdlted natil the bottom begina to appeir &boie the 
wttx: then BC ii k boriEontkl Hne. Cou^lete t]ie oone oC 
which J BCD ia a fnutnni by prodacing BA and i>C to meet in 
£. Draw £P perpendicalar to BC produced, bisecting it in. F; 
■nd EG peipendicular to BD, bisecting it in 0, and AC in H. 

Let ifibe the diameter of the top- 5J}, 

»r bottoni=^e, 

and h the altitude of the yeaBd=OB. 

Now tbe boundary of the inrfaoe of the water wiU be an 
elliptic, of which BC it the major aiii : let BC= la. To find 
the minor sxia, biiiect BC in S, and through S draw a plane 
prapendicolw to SO, interseoting it in L. Thii plane will inter- 
•ect the oone in a drole ; and, if ^ be its radiui, we have 



Now the doable ordinate of thia drole whii^ puaes through 
K ia tbe minor axil of the eUipee; let lybeita length, and let 
Kl.=B; 

.■.9>=p'-S> (i). 

And by drawing a line throng CL we see that 

a-s-r a. 

Henoe the area of tbe Eorface of the waters raj/, where 

.: Tog^ rajRr. 

AgiJn the Tolame of the water which flows out of the Tcasd 
in the di^rence between the right oone EBB and tbe oblique 
eouo BBC: let F be this volnme, 

3 ^ 3 

Mow by nmitar triangle* EOF, £00, COB, 

EF BO CS BO + OB_S+r_ 
BO BO C0~ BC -M ' 
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gO_BO_B . 00 + OB a+r, 
0B~ CB r ' ■■ OS r ' 

OC+OB=k, .: 0B=~~. 
EG _EH+OH_ OB_R_ 






To find the depth of tba wktOT when the veosel ii 
right ; lot z be the depth. Mid 7, the TOlnme ; 

■■- T^,=y<'' + "-i + f.'), Art.8r, 

when n Ih the niiius of tbe top of tba inTOrted frmti 
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Now BiDce F] u the volume ot the water which remuiis in 
the veasel ; 

Hence, by eqaating these two expnedcniB for F, , le may be 
determined by a euino equation when tlie numerical roluM of 
Rf Tj and h ai^ given. 

•Ex. Let Ji=s. r=3, i = 8 inches; 

., F=i*4^(svr-3VJ) 

— -X ^67.65 = 180. iS cubic inches; 
and the volume of the vea8el=- A(Ji<-t'Ar+r*) 



Therefore the proportion of the water which flows oat to the 

whole volume= — h-2. = - Tory nearly. 
393 16' ' ■' 



Also F,=j (391 -367.61)=% nt-M- 

Eqnaliag these values of F|, we have 

i7a!+f «•+-' ir" = ii4.35j 



r .. ..o,Goog[e 
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This eqaatdon has one nkl pontiTS root and only one. It 
lies betireen 3 and 4, and may be found b; approximation to be 
3.49119.' Tberefore the water liaea 3.5 inchea, tvtj nearly. 

7. I%id the area of the ooDvez auHace, and the volume of 
a cjlinder, the di»aiet«r of which ii 3 feet, and the altitude si 
feet. 

. S. A ouino foot of braaa ii drawn into a wii« one-tmtL d 
an Inch in diameter : find iti toijftb. 

9. A hollow circular cylinder of oast iron il 31-43 ted in 
oraninference, and 9 feet g.5 iaohea in diameter innde i find ita 
thlcknen ; and its weight, if ""b cubic foot of the iron wmgh 

10. A funnel, 3 feet in diametn-, and 44 feet long, ii made 
of theet iron. How many aqnars feet of ^e iron wilt be re- 
qured ; and what will be the weight of the fbnnel if the iron ba 
one-nghth of an inch in IhickneHa, and weigh 48a Iba. to the 
cubic foot! 

11. A well ia to be dog 5 feet in diameter, and 36 feet in 
depUi: find the quantiCj of earth to be excavated, and the 
quantity of brickwork required for a lining g inchea in thicknen. 

12. Find the volume of a aemi-cironlar arch, 41 feet qpaii, 
and J4 feet deep, the Ihickneaa of the arch bung 3] indiea. 

IS. Find the quantity of briokwoik in a draular ardi 30 
feet span, 10 fbet rise, and 75 feet in length, oompoeed of aeven 
oonoentrio rings of brick each 4.5 inchea deep. 

14. A boUow cylinder ii cironlar innde and elliptical out- 
side : the diameter of the circle b^ng 4 feet, the major axia of 
the ellipse j feet, and tbe minor aiia a mean proportional 
between them ; find the volume if the cylinder be ig fbet in 
length. 



ion of whitli ia the oval in 
Art. 74, and r = i,$ feet, haa a uniform thickneaa of 9 inchea of 
brickwork: find the volume in 100 yards of the length. 

IS. Compare the volumes of a aemi-elliptdo and a cydoidal 
arch having the same span, rise, length, and QiickiinB at the 
crown, the ellipeei being similar. 

17. A aani-elliplic skew areh hai a dear ipau of 34 fee^ 
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a Tue of 11.5 feet, and a nQiTonn thickneu of 17 inchsB; (he 
length, measured aloi^ the springing, U 48 feet 3 inchu, and 
the angle of ashew 47° 33' : find the Tolmne. 

18. An occnpation bridge under ft railway embuikiDaiit bat 
M mhu-qtcuIu' arch of 11 feet olaaj span, and 13.5 inches in 
thtokneaa. The clear height of the arch above tbe grouod is 
>3-5 I'^ and the height of the embankment 31 feet. The 
breadUi of the embankment at top is 13 feet, and the nlopee of 
die (idea are I in 1 ; and the faces of the arch are fltuh vith the 
slopes of the embankment : find (he volume of the aroh. 



21. How much canvas will make a conical tent 1 1 feet in 
hught, and i i feet in diameter at the base t 

22. VmA the volume of an elliptic cone, the axes of the base 
of which are 13 and 9 inches, and the altitude 33.75 inches. 

28. If the diameters of the base and top of a frustum of a 
cone be p and 6 inches respectively, and Uie altitude 10 inches ; 
find the area of the convei surface, and (he volume. 

21, The circoinferenoe of the baae of a conio fruHtnm is 
49.3 feet, the diameter of tbe (op ii.j feet, and the aldtude. 
15.7 feet; find the surface and volume. 



26. A tent is made in the form of a conic frustum, sur- 
monn(ed by a cone. The diameters of the base and top of the 
fmstum are 14 and 7 feet, its height 6 feet, and the height of 
tlte tent II feet : find the quantity of canvas teqaired for it. 

27. The lower portion of a haystack is an inverted oonio 
faostum, and the upper part a cone; the greatest height is ij 
fee^ (he greatest circuniference 54 feet, the height of the fms- 
tam 15 feet, and the diameter of the base 15 feet; find its con- 
tent In oubio yaida. 

28. A circular cone is lasect«d by a plane inclined to the 
baae at an angle of 450 ; find the point in tbe aus through which 
the plane ptaaes, the dimensions of the cone being given. 
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29. A vawel in (ha form of a fnutnln of a oone, open at 
tba top, iB Wtd with water, and graduaJl; tilted until the 
bottom begins to apptiu above the witter : find the qaaotity of 
wster which will flow out ; and the depth of the remainder ^ea 
the Te»el a let upright again. Ex. JUdiua of top=6 inchea, 
isdiuB of bottoin=IO inchea, depth = S inohea. 



32. The cdrcumference of (he base of a fniBtoin of a para- 
boloid is 18.3 inchea, the diameter of the top 6.1 inchea, and the 
altitude 13.4 inches : find the voluma. 

S3. A paraboloid ia triaected by two planes perpendicular to 
the axis : compare tbe altitudes of the three aollda into which 
the pard,botoid ia divided. 

84. A paraboloid and a ooae haTsUwnme base and vertex; 
compare their volumea. 



36. Show that of all conea which rarcumacribe a paraboloid. 
Uiat which has the leaet volume tooohea the paraboloid in a 
oitde, the plane of which biaeoti the aiia of tbe parabolnd. 



88. If there be four apheree whoae diametere an 
numberg 3, 4, S, 6 ; show that the volume of the grea 
be equal to tbe sum of the volumea of the other three. 

SS. Sappoung the earth a apbere of 79ft miles in i 
find tbe number of square miles in its surface, and the 
of cnbic miles in its volume. 



41. A looe of a sphere ia 4 inchea in tbiokness ; tbe dia- 
meter of the baae is It inches, and that of tJie top 9 inchaa : find 
the convex surface and the volmne. 
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42. A hemispherical ihcll a filled with water, and tilted 
nntil oDS-balf runs over: find the ftogle through which the biu 
IB tamed. 

IS. A cone uid a ae^ent of a iphere are placed baae to 
baio, their buea being equal ; compare th^ altitodeg when 
tltdr volomee an equal. 

U, Show how to divide a iphere into three equal portionB 
bj parallel plaoee. 

45. Two Bphwea are sospended in a room between two 
parallel walla, with their centres in a horizontal line perpendi- 
oular to the walla. Required to place a luminoua point on the 
same horizontal line, 8o that the ahadowa of the apherea upon 
the opposite wsila ma; be equal in area. 



17. Find the weight of a 13-inch iron aheD, the thicknett 
of wbich is I inches ; the weight of a cubic foot of iron bang 
441 Ibe. 

48. A spberioal ahell weighs niueteen-twentieths of a solid 
sphare of the same uie atid material : find the diameter of tl^ 
intoital cavitj. 

49. What wKght of powder will fill a ahell whoae diameter 
is 13 inohea, and thickness a inches; if 30 cahio inches (rf powder 
weigh I lb. I 

CO. A cast iron ahell, S inches in diameter, is filled with 
gaupowder and plugged with iron ; and the whole weighs 75.5 lbs. 
Find the thiokneia of the ahali, supposing a cabie foot of iron .to 
wedg'h 441 lbs., and a cubic foot of gunpowder 57.6 lbs. 

fil. WbatlengthofasiPDoth-boiegaawillbe filled bj 11 Ibl. 

of powder, if the guo throw a ball of 31 lb., and ^th of tha ball's 
19 



62. A cylindrical hole ia to be drilled through a sphere, tlte 
alia of the cylinder pasaing through the centre of the spbeK ; 
whmt diameter must be given to the hole *o that Uie sphere may 
be diminished in wught by ODc-fbuzth t 

53. A oonEoal hole la drilled in a aphero, the vertei of the 
eoao being at the oenbe of the apher^ and ita Tertioal angle 40* ; 
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find how much fhe ■phsre wDl loae in weiglit, it its original 
weight be 77 Itw. 

What moit be the angle of the oone that the Hpba« ma; Iom 
o&e-tbinl of its weight t 

Si. If ftn ioGiiite series of Bpherea be pikoed in t, holloir 
inverted circiiUr cone, each apbere tonehing the conical anrtue 
and the sphere immediately below it, and the higheat taa<iuiig 
the plane of the base of the cone ; ihow ^lat 
r aeoB»B 



T being the TOlnnie of all the ipheres, V the Tolnma of the oon^ 
and ia its Tertioal angle. 

Deto^mine the form of the cone ao tliat V = iV. 

55. How much of the earth's lurface could a person see if 
he were nused -th part of the diameter above it t Ex. Suppose 
the height to be 6 mike, and the diameter of the earth 79 1 1 milea 

56. If the nature of the earth's omst be known to an avo^ 
age depth of s miles, what proportion of its whole volume i> 
known, auppoaing it a q>h«e of 7911 milea in diameter? 

57. If the ocean cotst three-qoartera of the rarface at the 
glebe and its mean depth be taken at 4 miles, what propcwtiait 
doei its volume bear to that of the globe t 

5S. If the atmosphere extend to a height of 50 milea above 
the eaiili's surface, what proportion does its volume bear to tliat 
of the earth, contddered a sf^ere of 7911 mike in dlamelerl 

69. An ellipse, whose axee are 13 and 7 inches, geneiates a 
prolate spheroid: find its volume; and also tiie volume of the 
middle Eone nbich has a thickness of p inched. 

eo. The true figure of the earth is an oblate spbennd, tb» 
polar axis of which is 7899.6 miles in length, and the eqoatorial 
diameter 79^6,0; milea ; find its volume and the diameter of tha 
sphere of equal volume. 

liHnd also the radius and the poaitions of the two equal cirelti 
in which this sphere intersects the surface of the earth. 

61. Compare the surfaces of the torrid, temperata, aad 
frigid zones of the earth, supposing the former to extend to an 
angular distance of 33° 30" trom the equator, and the Utter to a 
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(1) Buppoaing the e&rth » ipbera of 7911 milea in dia- 

(2) Buppoeing the earth aa oblate gpliaroid as in SO. 

63. If .S uid r be tbe radii of tbe exterior and interior inr- 
!MCfB of ■ ipbericKl sfaell, and ik the thicknegs of a middle aooe 
equal in volume to lialf tbe shell ; sbow that 
, I fli + Br + r" 



64. A conical hole is DBde in A spherical shell, the vertex of 
the oone being in the centre of the Kheil. Tbe outer diameter of 
the bole a 1.15 iuches, the diameter of the shell 13 inches, and 
the tbickoeas c^ tbe material 1,15 inohes: what part of iti wdgbt 
doea tbe shell loae t 

65. Tbe axes of an ellipaoid are 1 1.3, 15.1, and ti.4 inohei: 
find its volume. 

66. Und the volume of a segment of the ellipeoid in the 
last Example, made bj a plane perpendicalar to tbe mean axisf 
the height of the aegmeat being 6,t inches. 

67. Show that the volume of an ellipsoid is tvo-thiids of tbe 
Tolmne of each of the three elliptic cjliuders which drcuinscrilie it. 

88, 'An ellipaoid, wboee aemi-axes are 7, 8, and 9 inchee, is 
cnt by a plane perpendicular to tbe mean axie, at a distance of 
i.jinches from the centre: find tbe volume of the segment outoE 

69. The thickuESB of a solid c 
its outside diameter 7.1 inches ; fin 

70. Compare the weights of two solid circular rings which 
baxe the same transverse section, and one of vibicb juat passes 
through Uie other. 

71. Find the internal diMneter cJ a hollow cinmlsr ring, 
which weighs the same aa a solid ring, of the same material and 
sectJon, which just passes through it. 

72. The oentre of a small ciicle, whose radius is i, de- 
Kribes tbe involute of a circle whose radius is a, with its plana 
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alw^i toncluDg tlie Utter: iliow Qutt the Tolmne of the MHiA 
ganented in the £r>t r rerolatknu ia itVoj*. 

73p Id tlie last Elxomple show thmt b cannot exceed w ; uid 
that when b — ra, the goticl genar»(«d will be th&t ftamed b; » 
wire, or rope, coiled cloBelj in one plane. 

- 71. Shaw that the volimie of a thin oblate spheroidal shell, 
contained between two concentrio, sinular, and aimilarlj situated 
■fdiennds is very nearly = 4raM ; where A is the tbickDeas of the 
■hell, and a, b the semi-axes major and minor of tbe generBting 

75- ^nd the volame of the middle xone of ul ellipeoidal 
■hell contuned between two eimilar, concentric, and aimilarlj 
ntoated eUipeoids ; the aiea of the external surface of tbe ahell 
and one axis nf the internal anrbce being given, and also tiie 
length at the zone. 

70. A semi-ellipsind, made by a plane peipendicolar to the 
greatest axie, is set upright and drcumscribol b; an eUiptic cona 
which toDchee it in an ellipse whose plane is at a bmght x aboTC 
tbe base : find the volume of this cone. 

77. A dome is formed between two paraboloids of levohl- 
tion whioh have a common axia and camraon fof us ; tbe dia- 
meter of tbe interior of tbe dome at the base is loo feet, tbe 
olear height 109 feet, and the dninmference of the bate 161 feet: 
find tbe vnlume. 

78. In the last Problem, if a eonioal hole be made near the 
top of the dome, with its generating line a normal to the ei- 
terior sar&ce, and its greatest diameter 14 feet : find the Tolome 
of the dome. 

79- A wire one-tenth of an inch in diameter is coiled cloaelj 
upon a cjlinder t^ inches in droiimferenoe, and there are 100 
complete coils ; determine tbe length of the wire. 

SO. A wire oabte is farmed of 6 wires twitted round a osn- 
tral one, tbe diameter of each being one-eighth of an inch. Hw 
central wire is straight and tbe others make one torn in 8 iiMJMa : 
find the volume of a yard of the cable. 

81. A tube ia generated by the motion of the centre of a 
dmalar annalas along a helii, the plane of the annnlns being 
ahrayi peipendieolar to the tangent to the helix : find the rolnme 
at one complete oul of the tube, sapponng the halii to be d» 
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■eribed upon » crUnder of i8 inohet diameter, and to Hm 1 1 
inchea bi one revolution; tha iutania! and external diameten of 
the tube being 1.5 and 9 inchea reepeetivelj. 

62. If > aegment of s parabola, tenniiuted both waji bj a 
ohord perpendicular to the aiii, rerolre roond the taogieiit at 
ito vertex, show that the rolume of the iolid ganented will be 
olM-fifth of it« drcnmuoriUDg cylinder. 

83. Tind the rolaine of the aoHd geasralad bjr the revolu- 
tion of a parabolic an roood a tine peipendionlai' to the axil, 
but which doe* not meet the dure. 



Haxtmples and PToJUema on Chapter IX. 

Wl hare alreadj given examples in iUnitTAtian of tba " Pria- 
mtddal Franaola," eommcmcing at page 16;. All the eianiplei 
of the jweoeding Chapter may alan be aolved by meant of tiiii 
formola, and the ittuleut ia reoommended to solve aome of them 
agun in this manner. We add a few more examples fiw prao- 

1. In a fruitom of a semi-culueal paraboloid of revolntion, 
the area of the tisnevene geotiaD at diitaace « from the smaller 
Mid of the solid ii expressed by 

determine the values of A', B, O, uid D; the length of the 
Boliil twng 9 inches, and the radii of its ends 3 inches, aad 5.6 

Let y be the radius of the section at distance x, 
.: ry>=A' + £x-i-C2?+I>^. . 
Agun, if A be the Itmgth of the solid cat off from the 
BDuIlar end of the fnutum, 

where m is oonstant ; 

The two «xpr«i^otu hr sy* a» identically equal j 
.-. A'^^rmh*, B=3wmh\ 0=2vm&, D=rm, 
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Now wben *=o, v=i; widwhem z~9, y=^i.6. 
Introdndiig those oonditiom into the equation 
j'=in(4 + i)', 
m Imvo i>=(»t>, 

(6.6)'=.m(A + 9)>; 

■"■ ^ = V^C?7= ^^ = '■5*'58 : 

i' = 4T;; B=i.31544t; (7=0.144117; D = a.ooiiTw. 
■ SubaUtating theae Talnea of A', B, C, ud D, m tba ei- 
[iiiiiiiii for the irekof thaiBotioDat diBtKoaezfromliieiDialliir 
«Qd of the lolid, vii. 

are* of ■eo(ion = T (4 + 1.315442 + . 14411a* 4- .00517^. 

The Student should obBerre the npid decreaee in the valae 
of the ooeffidenta of the powen atx,t» thaw potran iiuseaae. 

3. Find an eipreiaion for tha volume of a lemi-cabical 
pMvbolold, generated by the revolatioD of a lemi-onbiaal pan- 
bola round its aiia. In this ourra y* ao af, y hang the rerolr- 
ingotdiuMte. 

3. A paraboloid aed a eenu-onbioal pandwliud have a oomnuai 
baae and vertex ; Aow that their rolumea an aa 3 : i. 

i. In a fnutam of a oone, the area of the tranivarae aeotioD 
at diitanoe x from one end of the solid ia eipreaaed by 

A' + Bx + Oif; 
find the valuei of A', B, »»d C; the length of (he finutum 
being 10 inobea, and the radii of its ends 3 inohea. Mid 7 

S. A hyperboloid ia generated by the rerolution of a hj' 
perbola lound it major azia ( And the Tolome of a aegment lA 
the aoUd «ut off by a plane perpandiaulBr to the azia of re- 

volation. 
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S. A hjperboldd !• flammted by the ravolotioii of % hy- 
perbola ronod its minor tud* ; find the Tolmne trf a lODe oon- 
tuneil betweaa two pUne* perpeDdicolar to the MJ*, kdA 
eijaidiituit from the ceode. 

7. A hollow Done U genentod bj the rarolution, ronod the 
m^r eiii, of the figure ooatuned batmen k byperboU end its 
aejmptotee: find ita vdameL 

S> A veieel, whoee interior ntfeoe hai the loitn of > prolate 
qiheroid, ie pUoed with iti &iii varticsl, nnd filled with a fluid 
to a depth A ; find the depth of the fluid when the axia ia hori. 
■antal. 

9. A •quare-threadad aisew, with donble thread, ia formed 
npon a solid oylinder 3 indhes in diameter : the thi^ul projecta 

from the oylinder -^ths of an incli, andtlie eorew risea jinchea 

in four tume : find the volume, if the acrew be 9 mchea in len{[tli. 

10. An dUptio paraboloidw oonstnioted with two parabolas, 
the area of my aegment of the one being almyi twice that of 
tiie ooireapoodiiig aegniait, of the other : find the Tolome of a 
segment <rf the paiabobid. 

11. VaA the Tolnme of a square groin, the baae of which 
ia IJ feet square, and the guiding ourre a samlcirDle. 

12. Fiikd the Tolmne of an octagonal T«alt, the base of 
whiob ia a r^ular octagon of 9 feet in the side ; and the 
guiding cone a parabola, with ita plane vertical, and pasong 
throogb the greatest diagonal of the base ; the greatest h^ht 
of the vanit bung 48 fbet. 

13. An elliptic hypeTbal<ad is oonstrooted with two hypei^ 
bolM which have a common major aria 1 4 incli« in length ; 
their miner axes b^g i ■ inches and S inches : find iJie Tolmne 
of a a^mMit of the hyperboloid 33 inches in length ; and 
detem^ne tiie poridon of a plane, peipendicnlar to the major 
axia of the solid, whioh shall Insect thia aegment. 

14. The aur&oe of a solid ia generated by the motion of 
a Btrwgbt line which always passes through a filed line, and 
through two eUipee* whose centree are in thia line and tbwr 
planee perpendicnlar to it, th«ir major axes being at right 
angles to each other. Und the volume of the solid in terma 
of the area of the ellipses and the distance between their 
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Examples and PrMems on Chapter X. 
For Bzamplai of Cub gaugutg aea Aii*. 1 1 1, 1 1 3. 

1. A puvbt^o ■piudle is 15 incbea in length, and ita gratteal 
dumeter ii 7 rnchea : find iU volume. 

2. Compare tfa« volnme of A pusbolie Bpindle wiA that 
of b pniUle ^honid whicb IiM tha ume m» uid tiie nine 
mid-seotion. 

3. A parsbotio iiniidle it eqn*) in Tohime to ona-filUi of 
the aphare on its aiia ■■ diametar ; ghow that ita gnatett 
diametir ii equal to half ita length. 

t, A fnutam of a parabolic Ipiodle, one end of whidi 
piBsei through the aiii a( the geoerating parabola, ia 33 inches 
in length, and ila greatest and leait diametera are 36 and 30 
luohea reapeotjvely : find ila volome. 

B. A parabolio spindle is {Maoed in a cylinder half full at 
water, the greatest diameter of the tpindle being equal to that 
of the interior of the cylinder ; find the height of the cylinder 
BO that the waterotay joatriee to the top. 

6. A paraboKo sfsndle is placed in a c^inder half fall of 
water, the length of the sjundle being eqoal to that of ths 
cylinder : find the diameter of the cylinder so that tha wata 
may jUBt rise to the top. 

7. A middle fimstom of a parabolic apindle haa ila greatest 
and least diametera in the ratio 4:3, the greatest being eqoal 
to the length of tbe solid : find ita volume in tenna of its 

8. A caak has the form of a middle fnutDm of a piolate 
spheroid, the head diameter being ^4 inches, the bung diameter 
33 inches, and the length 40 iachea; find its ra^ncity in imperial 

0. If a cask be made in the form of a middle frtutam of 
a parabolk spindle, the head diameter being 18 incho, tba 
bung diameter 14 inchee, and the length 30 incbea ; what wiO 
he its capacity in imperial gallons t 

10. A cask in the form of a double frustum of two equal 
paraboloids has its bung diameter 36 bches, ita bead diameter 
37 indies, and its length 45 inches ; find ita oapsiaCy in imperial 
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11. SuppmiDg tbe cuk in the Uat Biunpte to be » double 
fnutam of two equal otmea ; find ita opacity. 

12. Find the oapuit; of t, cwk by Hutton's fbrmnk, the 
bnng dUmeter bring- 4J inchee, the heaid diameter 34.1 icchea, 
and the length J6.4 inchea. 

13. Th6 dimenAioiiH of a caik being u foUew : head 
diameter 18.6, bung diameter 37.3, length 51.4; find its 
capadty bj each of the fonaolE of Art. 113, and detanuine 
the extmms limita al the error, mppoaing the tme capacity 
of the caak to lie between the greatait and leaat of the valnee 
given bj thoaa fonnuls. 

li. The bong diameter of a caak being 45 inches, Ihe 
hssd diameter 34.1 inchea, and the length 56. 6 inchei ; and the 
CBik being intennediate in capacity to the oiiddle frogtnm of 
a panbolic apindle, and the double ftua tum of two equal para- 
boloida ; find the greatest enor in the gaagiog if utber of 
thoae aolida be taken aa the ta-oe form of the caak. • 

IS. If the hang diameter of a cask be 45 inches, the 
head diameter 34 inchea, the mean diameter 40.5 inches, and 
the length 56 incdiM ; find i(a oapacitj in imperial gaiIon». 



Examples and Problems on Chapter XI. 

EzAHFi'ia in iUoatratdon of the formolffi d thU Chapter 
have already been giien in Arte, iis and isj ; and othtr 
eiamplea npon the Grat two formulEe of Art. 130 have been 
given in the ' Ezamplea and Problems on Chapter III.' In all 
the practical applications of these formula the lengths of the 
equidistant orcUnatea are obtained by aOnai mtatartmtni; and 
the areaa of the eqaidistant sections are calcolated from the 
most convenient tneaautementa which can be made. Hence 
it follows that examples in this part of the lubjeot do not 
admit of much Tsne^ ; and the student who can woric out 
one or two with fitcilitj, can work out any other which he may 
meet with in pracdoe. We shall therefore add only a very few 
examples here to those which have ^ready been given. 

1. Eind, approximately, the area of a plot of ground 
bounded on one mde by a atrught line, and on the other by 
an irregular corve ; the length of the straight line being S.97 
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ehaini ; utd tiw lengthi, in otuini, irf 31 cqnidictuit ot^itei 
(tkken hi order) mwiiued Erom tbi« line (o tbe oppoaite bonnduy 
b^ng 08 follow : 

"■37. i-Sj, 1.31, »-S». '-58, a.47, >-3«, '-tS. *-T3, a-9». 

3.*i, 1.7S. »S3. a-oi, 1.98, 1.74, i.jo, 1.99, 1.98, »J7. 

1.76, J.ga, 3.41, 3.91, 3-45. 3-0O, 1,76, 1.4a, a.oi, 1.75, 1.50. 

2. Xlnd, approxinurtel;, bj (bo fbnoabe (■>) Mid (3) of ArL 
190, thu ma of » portioa of > aubiosl parabola, contained b»' 
tween two ordinatea whon lengtlu are 7 and 33 inchss, and 
tbeir distaDce 6 IooImw; emplOTing 7 equidiitant ordinatea cal- 
enlated from the equation to the curve, vis. a*s=3f; and 
oompare the reanlta with the exact value of tiie area obtained 
bj the metliod of limita. 

3. Two ordinatea of a acmi-culnoal parabola ai« 13 and 
39.5 inches in lengtli, and th^ diatasce ia 13 inchea; Bnd, 
approximately, bj Weddla** rule, the area of the figtue con- 
tuned* between them and the cnrre, from thirteen aqoidHtant 
ordinatea oalcolated from the equation to the curve, viz. 

4. A veassl laden nith a oargo floats at ttei in still water, 
and the lioe of flotation ia marked. Upon the removal of the 
cargo every part of the vessel riaea 3 feet, when the line of 
flotation ia again marked. From the known linea of tlie venel 
the areaa of the two planea of flotation and of five intarmediale 
equidistant aections are calculated and found to be i« follows, 
the areas being expressed in square feet ; 

3918, 3794. 3*5'. 3S'7. 336». 3'9i. 3«H: 
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DEIGHTON, BELL AND Ca CAHBRIDGB. i 



UECHAIIICS ASD HTDBOSTATICS. 
Elementaiy HydroBtattcs. By W, H. Bbbast, 

ILA., LataTeUint<KStJiiiui'aOallt«i. rcp.in. It. 

Elementary Hydroetfttica for Junior Students. By 

B. FOTTBB, X.A. Ula FbUow at Qugeni' CoUtge, Cmnlittdga, Pr<ir«w 
of NUunl FtiUoupbf anil AUronomj la Unirenltj CoUfgt. Loadoo. 



The Fropositiona in Meclmnics and Hydrostatics 

wUcb an nqulnd lor thae Hbo ua ddi Cuiilidiln for HDnaun. B; 
A. 0. BAS£ETT, JLA. Third BdltlatL Cnwn Sto, b. 

Mechanical Euclid. Containing the Elements of 

HKhuHn ud HTdnUtiiiL B; W. WHEWELL, S.S. FilUi Edl- 



Elementary Statics. By the Veiy Rev. H. Goodwik, 

D.D. DtuisfElr. Fcp. Sto, clMMt. 



Elementary Dynamics. By the Very liov. H. 

□OODWIN, n.S. DuaorEl7. Fi^. Sto, cloth, ii. 






e UATBEMATICAL TEXT BOOKS PUBLISHED BT 
Problems in illustration of the Principles of Theo- 

ntkml Itectunlo. BtW.WAIiTON, ILA. Bacood BdltlaD. Sro. Uf. 

Treatise on tlie Motion of a Single Particle and 

oftwoFutlclHactlDioniinuwtlieT. Br A. SAIIDEIIAH. Sto. B>.tit 

Of Motion. An Mementaiy Treatise. Bj the Bev. 

J. B. LUNN, HA. Pallow ud ladj Sadleb^ LKtum of 81 Jobat 

Oluplarl. GninBlpriDdplaof TelodtjandKcstentioii. Cliiptolt. 
ortbHmatiDD Df ■ ptdDt In genenl Analjtical eipremloiiB for ^clo- 

nwtloD of A polDt AObctAd by k cooMuit uceLentlon, th« dlndSrai 
of which b ntwiiTi lt» uma. Cluptci IT. 01 Uh malkm of ■ point 
■ffbcUd liT u uctLfntlon, (be dlredUm of which alwiyi puHi 
IhnmKh B flied pohit. ClupteiT. Ormatla'aDd fores. ChiplerVI. 

ObBfitsi Til. OfevtBincueaoffrnmoUoDlDnitun. Chuplcr Tm, 
Of coaimhiiid moOoa or puilclu Chupiw IX Of impulwa nd 
GoUUija of puUdei. Afpatdbe. Of U» Cyddd. 



The Principles of Hydrostatics. By T. Webbteb, 

H.A. (TO. It. (d. 

Problems in illustration of the Principles of Theo- 



Colleotion of Elementary Problems in Statics and 

IiTnuiki. Dalgmd lor Cmdldalv tot Hoiuni^ Int thna d»j«. By 
W. WALTON, ILA. Sn. lOi. U. 



CONIC SECTIONS AND ANAL7TICAL 
GEOMETRY. 

Elementary Geometrical Conic Sections. By W. H, 

BXBAST,](.A.,LileFeUoworS[JohIi^Cani«». . irnparii^. 



DBIQHTON, BELL AND CO. CAHBEIDGE. T 

Conic Sectiona. Their prmcipal Fropertiea proved 



The Geometrical Constmction of a Conic Section. 

Bj Uw Bit. T. UASKIN. in. It. 



A Treatise on the Application of Analyais to Solid 

asomeCrr. Br D. !. OOBOOBI, U.A. ud W. WALTON. K-A. 



The EHements of Conic Sections. By J. D. 

HIT3II.BE, B.S. Fourth EdilkiiL Ito. ti.M. 



A Ti-eatiee on Plane Co-ordinate Geometry. 



Problems in illustration of the Principles of Plane 

ta Q«imeti7. B; W. WALTON, ILA. Sro. Ui. 



DIFFEBEHTIAL AND IHTEOBAL CALCULUS. 

An Elementary Treatise on the Differential Calcn- 

lu SjW. H.]IILLBR,]I.A. Third Edltkm. Bra. b. 

Treatise on the TCfierential Calcnlns. By W. 

WALTON, ILL Ito, ItiUL 



8 HATHEUATICAL T£XT BOOKS PDBLISHED Bt 
A Treatise on the Integral Galcnlos. By the Bev. 

J. HXHBKB, D.B. «ro. llb.U 



Oeontetrical lUostrations of the Difiereutdal Calcu* 

Im. BjlLBrPELL. im. li.td. 



ilxamples of the Frmoiplea of the Differential and 

tntegn] CDculnL OolltMxd bf D. F. GKEOOBI. Secoid EdUiOB. 
KlUed bj W. WALTON. JI.A. Sio. ISi. 



A8TR0N0MT. 
A Treatise on Astronomy. By the Kev. R Main, 

ILA., BwlcUlK Obwrrm. [Jn U< I>nw. 

Briinnow'a Spherical Astronomy. Translated by 

tha Bsr. R MAIK, M.A. F.R.B. BulcllK OtHira. Part. I. In- 

eludiUB the Ohiplen on Pullu, SeCnoUon, AlKRiitUiii, Vnctaiaa, 



iEHementaiy Chapters on Astronomy from the 

"Astniioiiila Fhjilqiu" o[ BloL Br >>» ^^7 Bit. HABVXr 
GOODWIN. S.D. I>«iui of mjF. Sn. 1>. Gd. 
"The; mn tnuulited wltfa ■ dltf^nnt iDtcntlan, but the idmlnble 
prediiaii ud desTDOt of daoipliaD wtddi chumdeiln tbeo' iMt 

tktn to oiu pnuat UA of elemvntiuj booki."— TVnniJdtdr'i Prtfnct, 

Slsmente of the Theory of Astronomy. By the 

Ber. J. BXHBKS, n.S. Km. \tM. 

LectnreB on Practical Astronomy. By the Rev. J. 

OHALLIB, KA., P.S,S., P.B.A.a, Plumlu PnlMHi of llw Coliv^ 



DEIGBTON, BELL AND CO. CAHBBEDGE. 
^Exercises od Euclid and in Modern Geometi;, 

coDUInlii; ApplicaUou at the Frtaidpls ud PnKeg»a or Hodon 
Puie ODDoimrf. BrJ.McDOWBLL,B.A.,F.B.A.B.,PBiDbraksC«U«ga. 
pp. ml, SOO, Crawo Bio. Sl U. 

Elementary Course of Mathematics. By Habtet 

aOODWIN,D.D.IIeualElj. nitb EtUUolL 8n. Ut. 

Problems and Examples, adapted to the " Elemen- 

taij Coane of Hathnuitlca.' By HAKrBY GOODWIN, D.D. Deu 
of Eljr, TbErd EdltkiD, rerliHl, wiUi Addition^] Euinplei In Conic B«c- 
UouudHairlsD. B; TUOUASQ. TITIIAN, ll.A. FeUow or Oon- 
iUl< and CUiH Oolte)^ gro. Sii 

Solutions of Goodwin's Collection of Problems and 

Buunpla, Bj W. W. HUTT, H.A. IsU Tellow ot OoDTllle ud O^ni 
CoUiga. Third lUltloD, nfiud ud goluged. B; tba B«T. T. Q. 
TIVTAK.M^ 8.0, tu. 

Collection of Examples and Problems in Arith- 
metic, Algebra, Geoautrj, Loguitinui, TrigoDODUtrT» Coole BectkiDi, 
UachBDlci, &c. <riUi Aiuoen ud OccuhHua HlnU. Sj Oie Bat. 
A. WEIOLEY. SlittaEdMoD. «to. il.id. 



A Companion to Wrigley'a Collection of Examples 

Uetbodl or eolntioii. BjJ.FLAIrS.Oq,, udUuBel. A.WlUOLSf, 



Newton's Principia. First Three Sections, with 

Appendix, ud the Ninth ud Elermtti SkUobl Bj tbt Ktr. 3. H. 
STAHB, M.A. Fnurth Edition. Sto. «t. 

Series of Figures Illustrative of Geometrical Optics. 

From SCHBLLBACR. Bj Iht SXt. W. B. H0FXIN8. PlMtL 
Folio. lOf. td. 



10 DEIGHTOH, BKLL AND CO.'S PUBLICATIONS. 
By W. EL MiLLKE, 



FhjBical Optica, Fart IL The Oorpuscular Theory 

of Light diKUHHl Mutt " " 

IdU Fellow of 4uegiH'< 



The Qreek Testament; with & critically revised 

T«l : ■ Slgat or Turioui Bodlngi ; Muvla*! BefenmiH u Verbil ud 
Idionvtlc Vage: Pnlegomeu; ud > Orltlcol imd Biegnliul Coin- 
niMiUiT. For tliB UH of Tbsoioglal Stndemla wid KliiiMan. B; 
HBNBY ALFOBD, D.D. Dvui nf OwitulnitT. 
VoLL Fifth Bdftiaii,autalnlDgll» Foot Oo^oli. US>. 
Vol II. Fmutta EdlUoD, coalalntaK UwAcu of the Ap«tla^tke 

EpIiitleiloUMKomuuudCorintMuu. U. li. 
To]. IIL nird BdWoD, contaiolsg He Epietlu to th* OklaHui^ 
K|dieriue, PUllppluu. Ooloiiluii, IheiHloaiiiiu,— Co WmoU wa ^ 
TiOuuidFhUimDil. U>. 
ToL IT. Put 1. Becond BdUkn, »iil>iali« the SpUle to the He- 

bram. ud the CWbolk virile of at JuiHuidBtFeler. Uf. 
ToLIT, Futn. Seeai]dEdUlciii.c>>i>ltiiilDgUig EpiitlaDraiJoho 
udSlJnd^udthsBaTelMioa, Iti. 

Codex Bez» Cantabrigieusis. Edited with Prole- 

■DmanmHoK^midFiKriDdlea. Bj F. H. BOMTEHBR, K. A 

[/n EM PrtM, 

Wieseler's Chronological Synopsis of the Four Gob- 

peU. TnodatadbrlbaBiT. E.TBNASLBB,H.A iPnpar^ 

Bentleii Critica Sacra. 

bom the Bsnller 1188. Id Titnltr College Libriry. Vitb tha ihbt 

tmdsd BdlUon, uid an ■ctoDiit of mil bl) CoIIbOou, Bdliad, vUta 
the permlHloii of the Huter and Bealon. by the Bur. A. A KLUB, 
H.A., late Fellow of TrinilfOiiUege, Ountsldce. tta. Bi.8d. 



DEIOHTOB, BELL AND CO.'S FDBLICATIOMS. 11 

A Companion to tte New Testament Designed 

lor Dm lua of Theologkiii Stndeate uiit Itae Uppn Fornu in BchODb. 
£7^0. BABKBrr.ll4.C*liu0alKg& Foip. Bra. ft. 



A general Introduction to tbe Apostolic Epistles, 

Wllh ft Tslile o[ St PbuII TtbtcIi, uid u Sutj on the Btala >no 
Doth. Saaad SMlon, tnlaiyid. to wblcb an utded > Few Wordi 
m deed, on JoitiflatlDB bf Biilb, ud on tbe Ninth 
Article* of the CbuRbotEngluid. Bj A BISHOPS 



Butler'B Three Sennons on Human Nature, and 

DltHrUtlon on Virtue. Edited bf W, WHEWELL. S.D. With » 
FrefiKeviiIa ByllBbui ol the Work. TUnt EdiUoa. Fcp. Sto. b.M. 

An Historical and Explanatory Treatise on the 

Book of Common PrftTer. Bf W. Q. HUUPHSY. B.D. Bscond 
Bdiilon, BOlartsdaiHliBirMd. Poatgro. Ti, M, 

Annotations on the Acts of the Apoatlea. Ori- 

fllnil ud lelected. Dedgned prlndpullT for Ibe nw of CuOkliitH 

CoUega ud SenUe-BouH Bumtnidon Papen. Br the Ser. T. K. 
HASKEW, H.A. Second EdlUaD, enUrgva. limo. b. 

An Analysis of the Esposition of the Creed, vrnt- 

lan br Uie Rlgfal Rerennd Fsthn In Ood, J. PEA&SOIT, D.D. lUs 
Lord Klbop of ObHter. Compiled, with uma addHkiul matter ooa- 
ilonnUj Intenpened. for tlio lue of Students of Blahop^i OoUege, Oal- 
eultn. B7W.U. HILL, D.D. Third EdUUm, nrtKd *ad oorrvoled. 



Hints for some Improrements in the Anthorised 

TamonoftbeMewTaUamnit. B]r tbt IM J. SOBOLBFIELD, ILA. 
Fourth BdlUau. Eap, Sn. U. 



i. Plain Introduction to the Criticism of the New 

TaKuienl. With 10 lUilmlls tnim AndenI Huuicilpti. FortbeuB 
of BIbllul Sludnln. Br F. H. SCKITENSB, KA. liiiMs CoUiga, 
OmMdge. gro. U>. 



12 DBIGHTON, BELL AND CC-S PUBLICATIONS. 
The Apology of Tertullian. 'Witli English Ifotes 

and ■ PrtAa,, luMwIeil u ao InCroilu^tiDn u the Stud/ or Fitriitial 
■nd BockiiulJal LattnlQ. Bj S. i. WOODHAJI, LL.D. Bmoi 



Passages in Pi-osa and Verse from English Authors 

from Gnek ud LUin Authan tor Tmalulon hiKi BBiliBh : fonEin; 
k RvnlH coDTM at Sutdiet In Clmlal Compalllin. Bj IL 
ALFOBD.D.D. Sto. it. 

Amndines Cami : aive Muaanim Cantabrigienaium 

Lniui ClDOrL OolKglt Mqn* «d. H. DBURI, A.M. Bditto quintL 

Cr. Sto. JfcSA 

Demosthenes de Falsa Legatione. Second Edition, 

CMHUIljnTlBd. Bt K. BHILLBTO, A.H. Sn. Bf.Sd. 



Select Private Oretions of Demosthenes. After the 

ten of SIHDORF, wHli tha Tutoiu Badingi of KBIEKB uid 
BESKER. With BnglWi Hota. For tbt me of SchoolL Bj C. 1. 
PEHBOBB^ A.K. Beemd KUOoo. Baytaad ud oomcted. Umo. It 



A Complete Greek Grammar. For the use of 




DBIQHTON, BELL AND CO.'S PUBLICATIONS. 18 
A Complete Latin Grammar. For the use of 

StudenU. Bf Uw IMe J. W. DOHALDBOV, S.D. Seouid Bdlflon, 
coDddenMy snlvftd. 810. Uf, 
The enluged EdlUsn ol (bs laUa Onmiiur hu been pnpucd irith 
* tlw UDja object u Uu CDrmpondLDir woi^ oa ths Greek laofviv^ 
It li. boffora, Hpednllir dadgiiMl (0 tern u ■ unTenknt hud- 
book for tboee ttudeDti nho wtob to uquire tbe habit of viltlDf 
Latin : uid iilih tbli view 11 1b fornlibBl wlib ui AnUbirinnia, iilih 
» tnU dUnmloii at the m«t Important iTnoDftoi, and vttb a rariet^ 
of lnlOnuatloa not gcDerallj coDtalned ht worki of tUi deacriptfoik 



Varronianus. A Critical and Historical Introduo- 

l» ]iehiiogn|ih)> of Andnit Ilalr, and to (be FhUologhal BIndr 



The Theatre of the Greeks. A Treatise on the 

Hiitor7aiid£:cblbltlonof the G»6kl>mi]a; with twUkk SapTilomeata. 
B; the late J. W. DONAU)S0H, D D. SaetUti Editbrn, rsvlHd, 
eDlaixed, anil Id part renwdelled. irllh DDiuioiia iUmtradoiu frna 



Classical Scholarship and Classical Learning con- 

■idered with aspedal leferanco to CompotltlTe Teili and TTnlwrtty 
TeocblDE, A FncUcBl Gkstod Liberal Edocatlon, Bf tbe lata J, W. 
DONALDSON, S.D. □tonaTO. St. 



Enripidea. Fabul» Quataor, scilicet, Hippolytua 

Conmlfor, Aleeatle, IpUgenSa in ^ullde. Iphlgenbt in Taurti. Ad fldem 
M a n uMcriptonun ae vetenun £dlUonuin emeodavlt et AnnotatlDidbiu 
iDilruiltJ. H.HONK, ai.P. BdiaoDOva. Bm. 12i. 
&I>arate^— Hlppoljtu, Sio, ctotb, ti. ; AlceiOi, Sro, umi, ti. ti. 



rnm Silvnla. Part the first. Being Faas^;es 

TranilstlOD into Latin Elegiac and Henlo Vene. Edited ulth 
» b; the RcT. H. A. HOLDBH, M.A. Third Edltloti. PoMSra 



n BEIGHTON, BELL AKD C0.-8 FTIBLICATIONB. 
Foliomm Silvula. Fart II. Being Select Fassftgea 

tor TmulUhn Into LatlD Lttjc ud Gncli Yate., AtmiKed ud 
HlitMl b; U» Ber. H. A. aoLDEN, ILA. Beaukd EdllioD. Vtjti 9tb, 



Foliorum Centnriffl. Being Select Faasages for 

~ 'miioii tDlo LatJn and Onek ProH. Arruiged bid edited bj 
IT. K^HOLDEH.IL A. ScoiDd EdttlaD. P«t Sra. t>. 



Xennedy (Bev. Dr). FrogreBaive Exercises ia Greek 

TntfiD BiaiAfU. fDlloved bj « Selsctton fmp tfa« Grvek Ttng* of 
RmwitiDry School, mod pnbced bj ft ■hort Account of tli« Ivnhic 
lI«to«WMlBtjI<ofOinkTngwlT. F« Hw nw or Bcfaoali ud Prinin 
Stndenti. Bacool Edmmi. allHKl lod nilMd. Bm. St, 

Flato, The Protagoraa. The Greek Text, with 

EDcflrii Notw. By W. WATTB, ILA. tn. It.td. 

M. A. Plauti AiU'iilan&. Ad fidem Codi<nim qui 

In BlbUotluiii HubI Biltunld euttnt ■UoniHque noiinuUonim »- 
cmnlt, Notiwiiie « aioauio loouplota luOaiK J. HILS YAKD. A.1L 



M. A. Plauti Meneechmei Ad fidem Codicum 

<iul In BibUotfacca tLiani Brltfumld qxiI»( nllonimqug noiinitlkaiiiB 
rwasnlt. Notteqoe <l OloaHriD lomplatg IsiDuilt J, HILSTASD, 
A.1C. Edllkiiltas. T(. M. 

The Elegies of Propertius. With Ecgliah Notes, 

■sd • Pnb« m the HIUo or LUia Scboknlilp. Bj F. A. PAUT. 
H.A. Wllfa coploiu Indlcu. lOi.Sd. 

The CEklipos Coloneus of Sophoclee, with Notes, 

Intended prindp*]))' la eiplaln ud defend tbe Teit of the mnn- 
Kitpli u oppoeed to EcKiJ«(nnl emendUlooi. By Ilia Bat. 0. B. 
FALHEB, M.A. Si. 

Tadtus (C). Opera, ad Codices antiqiiisdmos 

Bxactaatemendete, Gonmumttrlo crldcoflt ei^atlcollluMTat*, 4n4ft. 
Sin. audit F. alTTBa, Ptof. Bonsnuli. U, tt. 



.DEIGBTOM, BELL AND CO.-S FDBLICATIONB. 10 
Xheocritos, receuamt breri commentario instnixit 

F. A. PALBI, U.^ Onm Sm. U. U. 

Cambridge ExaminatioQ Papeni. Being a Snpple- 

maituUuOiimbrU(«UiilT«iill7CsJ«HUr,lgN. Itnw. If. 
OonUiDlDg tbou ut bt (be TpvMU'i Hebnw Scbtiiinblp*-— TbM- 

BwUal Trtpo*— Ths Ordinnrj B.A. Dtgrw,— SniilhV Prim— Unl- 




A Manual of the Eoman Civil Law, uraaged 

•cmidliig U Uu BrUklna <" Dr BALUFAS, Bj a, LBAPINO- 
WBLL,LL.D. DHtgii«IIOrlhgiiHo(etiKl«nBiDUieDiiiTailtlauil 
iBiu or OouTt. Bra. Hi. 

The Matbematieal and otiier Writings of ROBERT 

LBBLIB ELLIB, H.A., Utc Fdlow of Tdnl^ CoUsfi. CtmbrMi*. 
BdlUMl bj WILLIAH WALTON, tf.A. Trinll; Oollegit. «1(h t, 
Btognjihkil Hsmolr bf the Yerj Bneroid HAKTBT OOODWIN, 



jecturea on the History of Moral Philosophy in 

BDglsad. Bj UiB B«T. W. WHKWKH., D.D, Huler of Trinitr Col- 
kc*. Oambrtdgs. Ntw ud Impmred Edlthni, with Addltkxul Lm- 



The Hifltorical and Descriptive Geography of the 

Hoir UmL With u Alpbltxtlial Llit of Pluea, ud Mii|i«. Bj tt» 
Bo. QBOBOK WILLIAMa, B.D. Telloir of Xlsi'i College, Cun- 



A Con(»se Grammar of the Arabic Language. Re- 

*iHd bj BHBIKH ALI KADT £L BARBANT. By W. J. BBA- 
HOETT. H-A. FtOmr tl Trlnl^ CoUdg*. CunMitge, ud iDounbeat of 
8t HMiul^ Cuibildgfi, MMDeUiDe Frindptl «l lb* BaiOtb OoUtti. 



Now ready, /cap. 8m. price 5». 6i 

C6e S>tuli;nt*sE ^uOie to t^t ^ibencitp 

iBTEOinTCnoii, by J. B. Shblet, M.A. 
OiT Uhitebsity HIPBN3B9, by the ReT, H. Lathau, M.A. 
Ok the Choice or a College, by J. R. Beelet, M.A. 
OiT THE Course of Beadins fok the Ci-asbioal Tbipos, 

by tile Rot, R. Burn, M.A. 
On the Coubsi of READma fob the Mathematical 

Tripos, by the Rot. W. M. Campion, B.U. 
On THE CovRSE OF RsADiNa FOR the Mokai, Sciences 

Tripos, by tho Rev. J. B. Matoe, M.A. 
Ok the Cocsbb of Beadinq fob tbe Natural Sciences 

T&ipo^by Professor LiVEina, M.A. 
Oh Law Studies ahd Law Dbobees, by ProfesBor J, T. 

Abdy, LL.V. 
Medical Studt and Dbokbbs, by O. SI. Hexphbt, M.D. 
Ok THBOLoaiCAL Eiaminatiokb, ny Professor E. Harold 

Browne, B.D. 
Bxaminations pok the Citil Service of India, by the 

Bev. H. Lathau, M.A. 
Local Bkawnations of thb UNlvBEanT, by H. J. 

BoBY, M.A. 
Diplomatic Service. 
Betailbd Account of the Several Colleoes. 

"Partly with iba view of assistiDg parenta, guardlaiuT, 
schoolnmaten, nnd atudenta mtendiDg to enter their names at 
tbe University — partly aiaa for the benefit of undergradii»t«a 
themselves — a very complete, though concise, volume has just 
been iaaued, wbicb leaves little or nothing to be desired. For 
Incid arrangement, and a rigid adhsrenne to what la poaitiToly 
useful, we know of few msnuolg that could oompete with this 
Student's Quide. It reflects no little credit on the Univeitity 
to which it supplies on unpretending, but complete, intra- 
dncldon." — Satobdat Be view. 
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